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Résumé substantiel en Français

Cette thèse explore la dynamique, souvent non-intuitive, des systèmes socio-
économiques en combinant la rigueur formelle de la physique statistique avec la sou-
plesse des modèles multi-agents. L’idée directrice est simple : des interactions locales
— échanges d’information de voisinage, ajustements de prix ou règles décisionnelles
limitées — suffisent à produire des régularités globales et des transitions qualitatives
que les approches économiques classiques peinent à anticiper. En articulant analy-
ses mathématiques, simulations à grande échelle et confrontation systématique aux
données, nous montrons comment des mécanismes micro-fondés, élémentaires mais
réalistes, génèrent des phénomènes agrégés persistants, structurés et parfois non effi-
cients.

La première partie revisite le modèle de ségrégation de Sakoda–Schelling sur un
réseau. Nous considérons des agents qui évaluent localement une densité perçue
et ajustent leurs choix d’emplacement selon une fonction d’utilité non linéaire. À
partir de ce comportement microscopique, nous menons une analyse de stabilité
linéaire, réalisons des simulations numériques et introduisons des équations hydro-
dynamiques stochastiques. Ce passage dumicroscopique aumacroscopique éclaire la
nature hors d’équilibre du système et l’inscrit dans le cadre plus général de la matière
active, où des entités auto-propulsées engendrent des motifs collectifs durables. Nous
montrons qu’une transition de phase apparaît pour une large gamme de paramètres,
et qu’elle appartient à la classe d’universalité du modèle d’Ising en deux dimen-
sions. Autrement dit, malgré des règles d’interaction propres au système étudié, les
exposants critiques et les lois d’échelle observés coïncident avec ceux d’un modèle
canonique de la physique, signe que la structure des interactions l’emporte sur les
détails idiosyncratiques. L’identification d’un tel comportement critique robuste four-
nit un langage commun pour comparer, étudier et anticiper l’évolution de ce système
complexe.

La seconde étude de cette première partie porte sur le marché immobilier français.
Nous proposons une équation de diffusion stochastique, micro-fondée de manière
heuristique à travers un mécanisme d’ajustement local des prix, afin de décrire un
tel système : nous postulons que les changements se propagent entre communes
voisines à la manière d’une « chaleur » sociale, plutôt que de s’imposer instantané-
ment et uniformément. Calibrée sur environ un demi-siècle de données (1970–2022),
cette équation reproduit des régularités empiriques clés : variogrammes spatiaux à
croissance logarithmique, autocorrélations longue portée et persistance pluriannuelle
des chocs économiques. Une analyse par réponse impulsionnelle fournit une valeur
plausible pour le coefficient de diffusion et met en évidence la forte hétérogénéité



spatiale de l’amplitude des chocs. Ces résultats confirment des conjectures anciennes
sur la nature diffusive des prix immobiliers, tout en soulignant le caractère non effi-
cient de ce marché : l’information locale ne se propage pas instantanément, et des dé-
calages spatiaux et temporels substantiels subsistent, ouvrant la voie à des politiques
d’aménagement ou de régulation différenciées selon les territoires.

La deuxième partie de cette thèse se concentre sur le marché du travail via un mod-
èle d’agents zéro-intelligence. Les demandeurs d’emploi postulent aléatoirement à
des offres compatibles avec leurs compétences, tandis que les entreprises adaptent
heuristiquement le nombre et le type d’annonces. Malgré cette simplicité, les simu-
lations reproduisent des traits stylisés robustes : délais de coordination entre postes
vacants et candidats, asymétrie entre embauches et licenciements, et mise en relation
non instantanée des demandeurs d’emploi avec les offres. À partir de ces dynamiques
discrètes, nous introduisons rigoureusement des équations différentielles continues
décrivant l’évolution conjointe des stocks (demandeurs d’emploi, postes vacants) et
des flux (embauches, séparations). Ce passage du microscopique au macroscopique
explicite les déphasagesmécaniques duprocessus d’appariement etmontre qu’ils suff-
isent à générer l’hystérésis observée sur la courbe de Beveridge, sans recourir à des hy-
pothèses simplificatrices du type anticipation rationnelle ou optimisation globale par
les agents. Autrement dit, le caractère cyclique de la courbe de Beveridge provient
d’engorgements logistiques endogènes plutôt que de chocs exogènes permanents.

Enfin, nous extrayons de ce cadre un modèle dynamique minimal hors d’équilibre,
calibré sur les données américaines de 1951 à 2023. En prenant comme entrée une tra-
jectoire exogène du taux de postes vacants, le modèle reconstitue fidèlement la trajec-
toire du taux de chômage, en rendant compte du déphasage observé et de l’amplitude
des réponses aux chocs économiques. Sa forme analytique simple en fait un outil
parcimonieux permettant d’explorer des scénarios contrefactuels (variations de coûts
d’embauche, dispositifs d’incitation, chocs de productivité) et d’identifier les horizons
temporels sur lesquels les interventions sont les plus efficaces compte tenu des fric-
tions d’appariement.

L’ensemble de ces résultats permet de mettre en relief une conclusion transversale
: dans des systèmes socio-economiques complexes, la localité des interactions et la
non-instantanéité des ajustements suffisent à produire des comportements collectifs
non-triviaux, des transitions de phase et une mémoire à long terme, que l’on peut
caractériser et prévoir grâce aux outils de la physique statistique. Ainsi, cette thèse
offre un pont opérationnel entremodèlesmicro-fondés simples et phénomènesmacro-
émergents, et propose des cadres analytiques parcimonieux utilisables pour éclairer
des décisions de régulation, tout en représentant fidèlement la richesse empirique des
données et en limitant le nombre d’hypothèses simplificatrices de modélisation.
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MOTIVATION AND THEORETICAL
BACKGROUND



1: Equations of this sort have long been
applied to classic physical processes—
ranging from turbulent fluid flows to
the growth of active‐matter interfaces—
and, as we will demonstrate in this
manuscript, they also provide a
powerful framework for modeling
socio-economic dynamics, including
both housing and labor markets.

2: ”Countless factors influence
stock‐market movements: past, present,
or even anticipated events—often
with no obvious connection to price
changes—feed into market behavior.
Alongside these “natural” causes of
fluctuation, there are also artificial ones:
the market reacts to itself, so current
movements depend not only on earlier
trends but also on prevailing market
positioning. Because an infinite array
of factors shapes these movements,
mathematical prediction is impossible.
[…] However, it is still possible to
study the market’s static state at a
given moment—that is, to determine
the probability distribution of price
changes that the market admits at that
instant.”
3: In his 1905 “annus mirabilis”, Ein-
stein’s paper on Brownian motion
explained the seemingly erratic motion
of pollen grains as the result of innumer-
able collisions with water molecules,
hence formalizing the existence of
atoms and molecules at a time were
this was still debated. That same year,
he published his theory of special
relativity, explained the photoelectric
effect—earning him the 1921 Nobel
Prize in Physics—and formulated
the famous mass–energy equivalence.
Together, these breakthroughs trans-
formed physics and laid the foundation
for modern science.

Introduction 1.
When the Light of Lights appeared, they understood:
the Simorgh was themselves, and they the Simorgh.
The Conference of the Birds- Farid al-Din Attar, 1177.

Applying concepts from statistical physics to socio‐economic and fi-
nancial systems is a long‐standing idea. One of the earliest and most
famous examples is Brownian motion. In 1827, the Scottish botanist
Robert Brown observed that pollen grains suspended in water un-
dergo erratic movement. Although each grain’s motion is governed by
deterministic Newtonian laws, its trajectory appears random—an ob-
servation that extends to many physical and socio‐economic systems.

Inspired by this, Louis Bachelier—in his 1900 thesis Théorie de la spécu-
lation [3], written under the supervision of Henri Poincaré—modeled
stock‐market prices using a stochastic differential equation, paving
the way to the wide use of such equations to describe the subtle in-
terplay between deterministic laws and randomness that rule many
real-world systems: 1

«Les influences qui déterminent les mouvements de la Bourse
sont innombrables, des événements passés, actuels ou même es-
comptables, ne présentant souvent aucun rapport apparent avec
ses variations, se répercutent sur son cours. À côté des causes
en quelque sorte naturelles des variations, interviennent aussi
des causes factices : la Bourse agit sur elle‐même et le mouve-
ment actuel est fonction, non seulement des mouvements an-
térieurs, mais aussi de la position de place. La détermination de
ces mouvements se subordonne à un nombre infini de facteurs :
il est dès lors impossible d’en espérer la prévision mathématique.
[...] Mais il est possible d’étudier mathématiquement l’état sta-
tique du marché à un instant donné—c’est‐à‐dire d’établir la loi
de probabilité des variations de cours qu’admet à cet instant le
marché.»2

Bachelier’s work introduced Brownianmotion in finance five years be-
fore Einstein formalized it in his landmark paper [4], making it one of
the first applications of statistical‐physicsmethods to an economic sys-
tem.3

Using physical tools to describe socio‐economic systems with many
interacting parts—an economy or urban population, for example—is
natural. Just as fluids can be modeled by continuous fields in hydro-
dynamics [5], one can describe humanmobility via a density field and
hydrodynamic equations. This macroscopic approach discards micro-
scopic details, making it suitable for systems with too many agents to
track individually.

Moreover, as Philip Anderson emphasized in “More Is Different” [6],
physics is fundamentally concerned with symmetry—“the existence of
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4: The concept of bounded rationality,
introduced by Herbert Simon in the
1950s [11], will be examined in greater
detail later in this introducting chapter.

5: The invisible hand metaphor encap-
sulates the notion that unseen forces
guide the economy toward a globally op-
timal state, achieved through the actions
of individuals who, paradoxically, seek
only to maximize their personal satisfac-
tion.

different viewpoints from which the system appears the same.” Yet, when
large numbers of particles interact, symmetry is often broken: the
macroscopic state exhibits lower symmetry than the underlying mi-
croscopic laws, so knowledge of the latter alone cannot predict key
large-scale behaviors. As in Anderson’s words, “the whole becomes not
only more than but very different from the sum of its parts,” a reality ex-
emplified by phenomena such as superconductivity or antiferromag-
netism.

In the same vein, complex systems composed of simple interacting
units can give rise to emergent properties that defy deduction from
individual-level rules. A striking illustration is the human brain: bil-
lions of neurons each transmit basic electrical signals, yet their col-
lective interactions produce consciousness, creativity, and abstract
thought. This principle of emergence is equally pertinent to socio-
economic systems, where aggregate dynamics cannot be inferred
solely from the behavior of individual agents.

This stands in stark contrast to the representative and rational agent
paradigm in economics, which reduces many interacting agents to a
single perfectly rational individual—endowed with infinite computa-
tional power and always choosing the globally optimal action. How-
ever, removing heterogeneities and interactions in suchmodels denies
the possibility of destabilizing feedback loops, making these models
unrealistic to explain the numerous crises observed in economic his-
tory, as eloquently presented in [7]. This ledmany researchers to think
about a new way of describing large collections of interacting agents,
as it is relevant to understand socio-economic systems.

Indeed, early work by Blumer [8] showed that social phenomena arise
from collective behavior rather than isolated individuals. Sumpter [9]
demonstrated that structures in animal groups, from termite mounds
to human crowds, can emerge from simple local rules rather than in-
dividual complexity. These insights motivated the development of
agent‐based models (ABM) in socio‐economics, where one studies
the aggregate behavior of numerous heterogeneous and interacting
agents. Epstein and Axtell’s seminal book [10] presented ABMs as a
tool for studying how individual behaviors produce system‐level pat-
terns, especially in out‐of‐equilibrium settings. This approach aban-
dons homogeneous and perfectly rational agents for heterogeneous
agents with bounded rationality 4 and limited information, challenging
classical equilibrium models and introducing a realistic framework
for capturing the complex, emergent dynamics of socio‐economic sys-
tems, as advocated in Axtell and Farmer’s impressive review [12].

Finally, economists have long debated whether markets—composed
of self‐interested agents—naturally converge to an optimal state.
Adam Smith’s ”invisible hand”5 posits that decentralized deci-
sion‐making guides the economy toward collective welfare [13].
Yet the agent-based segregation models introduced by Sakoda and
Schelling [14, 15]—in which households freely decide whether to stay
in or leave their current location to maximize a simple “satisfaction’’
score—illustrate how elementary local preferences can generate un-
expected large-scale outcomes. In certain parameter ranges the entire
system becomes locked in a configuration where no agent is satisfied,



1. Introduction 4

exposing the limits of AdamSmith’s “invisible hand’’ even in this rudi-
mentary coordination problem. Similar failures of agents coordination
are discussed for other settings in [7].

Hence, the aim of this thesis is twofold. First, we show how stochastic
differential equations, formulated directly at an aggregate level, can be
employed to capture and reproduce key macro-economic regularities.
Second, we demonstrate how agent-based models, which start from
explicit micro-level rules, can likewise be coarse-grained into effective
equations that govern the evolution of aggregate variables, thus pro-
viding an alternative—and complementary—route to understanding
socio-economic dynamics.

Central to this work—and indeed to the broader ambition of applying
statistical physics to socio-economic systems—is the challenge of de-
riving macroscopic phenomena frommicroscopic rules, as eloquently
framed in [16]. This mirrors Thomas Schelling’s insight that individ-
ualmicromotives collectively generatemacrobehaviors in socio-economic
contexts [17].

This introductory chapter is structured as follows. We begin by moti-
vating the use and issues of stochastic differential equations (SDEs)
and agent-based models (ABMs) to represent socio-economic sys-
tems. We then introduce the well-known Sakoda-Schelling model,
which will be examined in greater depth later in the thesis. Finally,
we present the influential Diamond-Mortensen-Pissarides [18, 19, 20]
framework for modeling the labor market. This model forms the foun-
dation of the second part of the thesis, where we propose aggregate
differential equations, built upon an agent-based model of the labor
market, as extensions that go beyond the classical formulation.
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6: This cornerstone of game theory char-
acterizes an equilibrium as a state in
which each agent’s outcome is opti-
mized in light of the choices made by
the others; it was first proposed by
Antoine-Augustin Cournot in his 1838
Recherches sur les Principes Mathématiques
de la Théorie des Richesses [21] and later
extended by the famous economist John
Nash.
7: Market clearing occurs when supply
equals demand for any good or service—
for example, when the number of job
vacancies matches the number of unem-
ployed workers in a labor market.

8: Onemay interpret densely populated
neighborhoods in the Sakoda-Schelling
model as analogous to liquid phases,
while more sparsely populated areas re-
semble gaseous phases. This analogy al-
lows us to investigate how variations
in model parameters may trigger phase
transitions between these states. Simi-
larly, endogenous economic crises can
be likened to natural shocks such as
earthquakes, offering a metaphorical
framework to explore abrupt, systemic
disruptions.

1.1. From statistical physics to agent-based
models of socio-economic systems

As noted earlier, an agent-based model comprises a population of
heterogeneous, interacting entities—“agents’’—that may represent
households, firms, or other decision-makers. Each agent follows sim-
ple micro-level rules—typically aimed at improving a proxy of in-
dividual satisfaction, the choice of which we discuss later in this
chapter—while operating within an explicit socio-economic environ-
ment. Crucially, aggregate behavior is not specified a priori: it emerges
from the micro-level interactions. As emphasized in [12], ABMs are
constructed bottom-up: any coherent macro-level outcome obtained
from a simulation is produced endogenously through agent interac-
tions, thereby lending this modeling approach a greater degree of re-
alism. Depending on parameter values, the system may converge to a
Nash equilibrium 6 or remain in perpetual motion as agents continu-
ously adjust to one another.

Moreover, the increasing availability of computational power allows
ABMs to dispense with many ad-hoc simplifications historically im-
posed for the sake of analytical tractability. In particular, they can re-
lax assumptions such as instantaneous market clearing 7 and perfect
efficiency—cornerstones of conventional economic models—thereby
offering a more flexible framework for studying economies that are
frequently out of equilibrium.

Utility theory and decision rules
We can now draw a direct parallel between statistical physics and
socio-economic systems by treating economic or social agents as akin
to interacting particles. Just as microscopic forces between atoms give
rise to observable macroscopic phenomena in physics, the local deci-
sions and interactions of individual agents can collectively generate
large-scale patterns in markets and societies. Many of the effects fa-
miliar in physical systems—such as phase-transitions—have clear ana-
logues in economics 8 . This perspective thus equips us with a rich
toolbox for analyzing endogenous crises and other emergent dynam-
ics. Before turning to these complex, system-wide questions, however,
we must first establish a firm understanding of how individual agents
behave and how to formulate an appropriate modeling strategy.

This naturally leads us to utility theory. How, in practice, can one rep-
resent an agent’s satisfaction, that will be the basis of his decisionmak-
ing and hence the evolution of the system? The standard approach is
to introduce a utility function "(#), where # denotes a state of the sys-
tem accessible to the agent, and "(#) serves as a numerical proxy for
their level of satisfaction when being in the said state [22]. In anal-
ogy with physics—where systems tend to minimize a global energy
function—agents are then assumed to seek the state # that maximizes
"(#).

It is important to emphasize, however, that in this framework each
agent’s utility depends not only on their own choices but also on
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9: In the thermodynamic analogy, ! →
0 corresponds to $ → +∞, i.e. maximal
thermal agitation, whereas ! → +∞ cor-
responds to $ → 0, i.e. a completely
“frozen’’ system.

those of other agents. This stands in stark contrast to the represen-
tative‐agent paradigm, where one assumes a single, isolated deci-
sion‐maker. Once we posit that agents aim to maximize "(#), the
pressing question becomes: how do they make their decisions? Under
the assumption of perfect rationality, agents would simply pick the
strict maximizer of ". Yet this assumption has been the subject of ex-
tensive debate, and has led to the concept of bounded rationality [11],
wherein agents do not possess complete information and infinite com-
puting power, but rather decide based on “the body of dynamic, idiosyn-
cratic information that constitutes their knowledge’’, in the words of Axtell
and Farmer [12].

A convenient way to capture boundedly rational decision‐making is
via stochastic choice rules. The most widely used is the so‐called logit
rule [23, 24], which specifies that an agent selects alternative " with
probability

%" =
exp(! "")∑

#∈Λ exp(! "#)
. (1.1)

Here "" is the utility associated with choice ", Λ is the full set of
available options, and ! is the intensity of choice parameter that quanti-
fies the degree of rationality. In fact, ! serves a role analogous to the
inverse temperature 1/$ in classical thermodynamics, while " corre-
sponds to the negative of the system’s energy. This correspondence
renders the logit choice rulemathematically similar to thewell-known
Gibbs-Boltzmann distribution in statistical mechanics.

In the limit ! → 0, we have exp(! "") ≈ 1 for all ", so

%" =
1

|Λ|
, (1.2)

where |Λ| is the cardinal of Λ, i.e. each choice is equally likely, reflect-
ing purely random behavior. Conversely, as ! → +∞, the probability
concentrates entirely on the utility maximizer:

%" =




1, "" = max
#∈Λ

"# ,

0, otherwise.
(1.3)

In this regime, agents again behave as strict utility maximizers. 9 Jus-
tifications for the logit rules are discussed in depth in [7], and we will
come back to this in chapter 3. A comprehensive review of the key con-
cepts underlying utility functions and the logit rule is also provided
in [25].

Lastly, it is important to introduce a particularly extreme form of
bounded rationality known as zero-intelligence agents [26]. As ex-
plained by Axtell and Farmer [12], these agents do not engage in
forward-looking optimization or strategic planning; instead, they sim-
ply respond to the most recent signals in their environment. What
makes zero-intelligence models so compelling is that, despite the
agents’ lack of sophisticated reasoning, they often reproduce key ag-
gregate patterns with remarkable fidelity. In chapters 5 and 6, we will
demonstrate exactly this in the context of the labor market. These re-
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10: Bellman (1957) first introduced this
term in his work on dynamic program-
ming [27]. In our case, this highlights
that the computational effort required
to explore a parameter space grows ex-
ponentially with the number of parame-
ters.

11: Often referred to as the principle
of parsimony, Ockham’s razor is en-
capsulated in the Latin maxim “En-
tia non sunt multiplicanda praeter neces-
sitatem,” which translates as “entities
should not be multiplied beyond ne-
cessity.” Philosophically, it urges us to
prefer explanations that rely on the
fewest assumptions, a sentiment com-
monly paraphrased as “when facedwith
two competing theories, choose the sim-
pler one.” This principle is attributed
to 14th-century English philosopher and
theologian William of Ockham.

sults further bolster the case for agent-based modeling and call into
question the continued reliance on the fully rational representative-
agent framework.

The curse of dimensionality
Now that we have moved beyond the representative‐agent paradigm
and embraced truly agent‐based models—where hundreds, thou-
sands, or even millions of heterogeneous agents interact according to
simple micro‐rules—a natural concern is tractability. If every agent’s
state evolves according to its own equation, must we really solve an
enormous, tightly coupled system to recover the aggregate behavior?
And, even if we could, how can we explore a model that depends on
dozens of parameters without running head‐long into the curse of di-
mensionality10 ?

A powerful way to tame the second problem is to identify and elimi-
nate irrelevant directions in parameter space, as eloquently described in
[28]. Suppose our model’s fit to data is measured by the squared‐error
loss

&(!) =
∑
'

[(model(';!) − (data(')]2 , ! = ($1 , . . . , $)). (1.4)

Around the best‐fit point !̂, a second‐order Taylor expansion gives

&(!) ≈ &(!̂) +
1

2
(! − !̂)$ * (! − !̂), (1.5)

where the Hessian matrix * ∈ R)×) has entries

*+ , =
%2&

%$+ %$,

''''
!̂

, + , , = 1, . . . , ). (1.6)

Because * is real and symmetric, it admits an orthonormal
eigen‐decomposition

* v- = &- v- , &1 ≥ &2 ≥ · · · ≥ &) , - = 1, . . . , ). (1.7)

This eigen-decomposition then allows to identify:

◮ Stiff directions: eigenvectors v- with &- large. Small moves
along these combinations cause & to increase sharply.

◮ Sloppy directions: eigenvectors with &- near zero. Large moves
here barely change &, so these parameter combinations are effec-
tively irrelevant for aggregate behavior.

By projecting out or fixing the sloppy directions—in other words, by
restricting! to the subspace spanned by the first. ) ) eigenvectors—
we dramatically reduce the effective dimension of the calibration prob-
lem and gain both computational speed and interpretability. In prac-
tice, we do not pursue formal sloppiness analyses in this thesis, since
our models are deliberately kept parsimonious, in the spirit of Ock-
ham’s razor11 and parameter-selection is therefore straightforward. For
instance, we computed the Hessian for the housing-market model in
chapter 4, but found no parameters that could be discarded; conse-
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12: Synchronization—for example the
coordinated firing of neurons in the
brain or clapping in opera halls—is both
familiar and captivating. The authors
detected a similar collective rhythm
in their agent–based macroeconomic
model, manifesting as regular spikes
of unemployment that correspond to
waves of mass bankruptcies. This emer-
gent synchronization prompted them to
develop an even more minimal model,
which likewise exhibited the same syn-
chronized bursts, underscoring the phe-
nomenon’s resilience across different
levels of abstraction.

13: For instance, the so-called wall of
death, where concertgoers split into two
opposing lines and then charge into
each other, produces distinct dynami-
cal states that their continuumequations
capture remarkably well.

14: First formulated by Claude-Louis
Navier and George Gabriel Stokes in
the early 1800s to describe the behav-
ior of viscous fluids, these equations re-
main fundamental today for simulating
everything from airflow around aircraft
wings to ocean currents andweather sys-
tems.

quently, that calculation is omitted from the final text.

Addressing the first issue is more challenging. A physicist might in-
stinctively seek to derive a single macroscopic evolution equation—
often formulated as a global stochastic differential equation—that gov-
erns the aggregate dynamics of the system. For instance, consider
a Sakoda-Schelling–type occupation model in which agents move
around a city according to simple local rules. One would like to
“coarse‐grain” those millions of microscopic trajectories into a contin-
uum equation describing how the density of agents, '(/ , '), evolves
over space and time. This is exactly the hydrodynamic strategy sketched
in the introduction, and later developed in chapter 3—but it must be
justified.

Drawing on the work of Gualdi et al. [29], in the case of the syn-
chronization transition,12 one finds that many collective phenomena
observed in fully detailed agent‐based simulations persist even after
those microscopic rules are replaced by much simpler, ”bare-bone”
equations. In other words, when you zoom out and describe the sys-
tem in terms of smoothly varying density and velocity fields rather
than tracking each individual actor, the same large‐scale cooperative
patterns—waves of consensus, clustering, or shock‐like transitions—
continue to appear. This remarkable robustness lends strong support
to the idea that socio‐economic interactions can be fruitfully modeled
using hydrodynamic or fluid‐dynamical analogies: by setting aside
the details of each person’s decision process, one still captures the
essence of how groups organize and evolve.

Likewise, Silverberg et al.[30] showed that the chaotic movements of
attendees at a heavy-metal concert can be modeled in much the same
way as molecules in a gas. By translating measures of crowd density
and local “pressure” into the language of kinetic theory, they suc-
cessfully anticipated large-scale phenomena—like the emergence of
empty corridors, dense flow channels, or sudden collective surges13 —
and found these predictions to match video observations. Altogether,
such findings reinforce a unifying principle: complex group behaviors
often reduce to the dynamics of a continuous field, offering clear qual-
itative understanding and reliable quantitative forecasts without the
need to track every individual interaction.

Indeed, in a pioneering study, Hughes [31] treated pedestrian crowds
explicitly as a thinking fluid, writing down Navier–Stokes–type equa-
tions14 enhanced by functions aimed at capturing human responses
to density and obstacles. When the crowd density is high enough—
so that the typical distance between two people is much smaller than
the domain of interest—the group behaves like a compressible, elastic
medium in which pressure waves can propagate, and mechanical ef-
fects such as asphyxiation can dominate. In two dimensions, this equa-
tion takes the form

−%'

%'
+

%

%/

(
' 0(') 1 2(')

%(

%/

)
+

%

%(

(
' 0(') 1 2(')

%(

%(

)
= 0 (1.8)

where

◮ ( is the remaining travel time for an agent, akin to a physical po-
tential,
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15: Fought on 25 October 1415 during
theHundred Years’War between France
and England, this engagement ended in
a disastrous defeat for the French army.
In the aftermath, England maintained
dominance for nearly fourteen years, un-
til the lifting of the siege of Orléans un-
der Joan of Arc reversed the course of
the conflict.

16: During this rite, pilgrims sym-
bolically stone three pillars—the
jamarāt—located on the outskirts of
Mecca, thereby reenacting Abraham
(Ibrahim)’s rejection of Satan. On a
single day, millions cross the Jamarat
Bridge; in 1990 a sudden blockage
triggered a deadly pressure surge,
leading to hundreds of fatalities.

17: Mean-field game (MFG) theory ana-
lyzes the strategic behavior of vast pop-
ulations of interacting agents. Lying at
the intersection of game theory, stochas-
tic analysis and optimal control, it ex-
tends the mean-field idea from statisti-
cal physics, where the influence of any
single particle vanishes as the particle
count tends to infinity. Similarly, in a
mean-field game each agent solves an in-
dividual optimization problem that de-
pends on the collective state of the popu-
lation. The framework was pioneered by
the French mathematicians Jean-Michel
Lasry and Pierre-Louis Lions.

◮ 1 (') gives the agents’ speed as a function of local density ',
◮ 0(') is a discomfort factor that slows movement as the crowd be-

comes denser.

Two striking historical examples of dense human flows are the Bat-
tle of Azincourt15 and the annual Muslim Hajj pilgrimage to Mecca
in Saudi Arabia. In each scenario, vast numbers of individuals con-
verge within confined geometry, streaming along multiple intersect-
ing routes under strict spatial constraints.

At Azincourt, French knights advanced in dense ranks only to be
forced into a narrowing corridor between English battalions, battered
by a hail of arrows from tightly arrayed English archers on their front
and flanks, while fresh French lines charged behind them. The re-
sulting compression waves overwhelmed the leading troops, causing
mass casualties far beyond direct combat losses. Similarly, during the
1990 “Stoning of the Devil” ritual16 of the Hajj, streams of worshipers
funnel onto a multi-level bridge. When a localized clog formed, the
built-up rearward force propagated through the crowd, resulting in
tragic loss of life.

Both cases vividly illustrate how, whether in medieval battlefields
or modern religious gatherings, collective human motion under con-
finement can generate shock-like density waves and catastrophic out-
comeswhenever local interactions produce global compression. These
examples illustrate the relevance of a large‐scale aggregate partial
differential equation—here, the Navier–Stokes equation—for under-
standing and analyzing complex system behavior, which is the main
focus of this thesis.

Recent studies have also leveraged the powerfulmean-field‐game frame-
work [32]17 to describe how pedestrians compete for space in dense
crowds and to predict the collective response to perturbations such as
the passage of a cylindrical obstacle—an abstraction of a vehicle mov-
ing through the crowd [33].

Moreover, as elaborated in [16], one can recognize striking similarities
between the movement of human crowds and other self‐organizing
systems found in the natural world. Consider, for instance, a murmu-
ration of starlings sweeping across the evening sky (see Figure (1.1)
for an illustration), a congregation of fireflies synchronizing their bio
luminescent flashes, or tens of thousands of spectators collectively
rising and sitting to form a stadium “Ola.” In all of these examples,
each individual—whether bird, insect, or person—responds only to
the behavior of its immediate neighbors. Yet, through these simple,
local interactions, coherent waves and large‐scale patterns emerge
that often obey the same kinds of continuum equations one uses
to describe fluids. A landmark investigation into starling flocks [34]
provided the first quantitative evidence that such coordination does
not require awareness of every other member of the group. Instead,
each bird tracks and aligns itself with only six or seven of its closest
peers. Despite this remarkably limited horizon, the flock as a whole
remains tightly knit and can dynamically reshape itself—say, to evade
a predator—without ever isolating an individual. This discovery un-
derscores how a network of simple, neighbor‐to‐neighbor rules can
give rise to the robust, flexible collective behaviors we observe in both



1. Introduction 10

Figure 1.1.: Photograph of a flock of star-
ling birds murmuring.

18: In “On Exactitude in Science” (1946),
Borges satirizes an empire in which car-
tography has become so obsessively pre-
cise that only amapdrawn at the scale of
the empire itself is considered adequate.

nature and human gatherings.

What is a good model?
Having seen how one can tackle the curse of dimensionality—
condensing a detailed, micro‐level description into a tractable,
field‐like continuum formulation (stochastic fluctuations included)—
we must now ask: what makes for a truly useful model? Some recent
efforts have aimed to recreate the Hungarian macro economy in ex-
haustive, “one‐to‐one” detail [35], simulating four million individual
households, a central bank, firms, credit networks, andmore, all finely
calibrated against microeconomic data. While such high‐resolution
agent‐based constructions are undeniably impressive, they carry enor-
mous computational and energy costs. One may also reasonably ques-
tion the practical value of constructing models whose complexity ri-
vals that of the phenomena they aim to represent—a trap that Borges
vividly illustrates in his cautionary tale [36].18 Even simpler frame-
works like the “Mark 0” model [37] which captures many of the ag-
gregate macro economic phenomena, contains a dozen parameters to
tune and calibrate, echoing our earlier discussion about parsimony
versus complexity.

This raises a deeper question: should our ambition be to build ever
more faithful digital replicas of economic reality? Certainly, there
is great merit in such endeavors—they can reveal policy impacts,
systemic vulnerabilities, and fine‐grained distributional effects that
coarse descriptions miss. Yet, from the viewpoint of statistical physics,
our aim is subtly different. As Jean-Philippe Bouchaudhas argued [16],
models fall into several broad categories, each serving a distinct pur-
pose. For example:

Phenomenological models: These models strive to reproduce observed
patterns by choosing flexible mathematical forms that closely fit the
data. A paradigmatic example is the Black–Scholes–Merton frame-
work, which treats asset prices as a geometric Brownian motion—
hence assuming normally distributed returns. This Gaussian hy-
pothesis inherently downplays the chance of extreme events, even
though systems ranging fromfinancial markets to seismic activity and
tsunami propagation exhibit fat‐tailed behavior. In such contexts, the
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19: Themetaphor of the black swan dates
back to 2nd century Roman poet Juve-
nal: “rara avis in terris nigroque simillima
cygno” (Satire VI), meaning “a bird as
rare upon the earth as a black swan.” At
this time, black swans were considered
not to exist. Real black swans were first
observed in Australia in the late 1600s.
Nassim Taleb later revived the term[38]
to denote extreme, unforeseen events
whose very possibilitywe tend to deny—
an attitude exemplified by the centuries-
long European belief that black swans
could not exist simply because none had
ever been seen.

probability of a rare, high‐impact occurrence decays far more slowly
than an exponential law, giving rise to black swans19 whose likelihood
and impact are vastly understated by a purelyGaussianmodel. Put dif-
ferently, these approaches might predict a catastrophic earthquake to
be orders of magnitude less probable than what the empirical record
actually shows.

Metaphorical models: Rather than mirroring every detail, these models
distill a handful of stylized rules or heuristics—sometimes seemingly
simplistic—into compact equationswhose nontrivial outcomes illumi-
nate underlying mechanisms. As Bouchaud writes:

”These models do not seek to explain an observation in detail, but
rather to highlight mechanisms that would be difficult to iden-
tify without a precise mathematical framework. The hypotheses
are crudely stylized, sometimes even seemingly absurd, yet their
consequences are non-trivial, hard to guess without the model,
and appear to correspond to real phenomena.”

The research carried out in this thesis clearly belongs to the realm of
the metaphorical framework, even when we employ agent–based mod-
els. Although they are often prized for their ability to recreate rich, de-
tailed portraits of real–world behavior, in practice we frequently distill
those high–resolution dynamics into a handful of macroscopic, field–
like equations. As previously discussed, coarse‐graining serves two
important purposes. First, it dramatically lowers the computational
burden, enabling us to explore large parameter spaces and long‐time
behavior that would be infeasible if every individual agent’s state had
to be tracked. Second, by focusing on aggregated variables—mean
densities, average flows, or global order parameters—we gain clearer
insight into the fundamental mechanisms driving phenomena across
diverse socio‐economic contexts. In this way, the full complexity of
themicro‐level rules informs, but does not obscure, the emergent laws
that govern collective dynamics. By embracing simplicity and abstrac-
tion, we uncover the fundamental drivers of collective behavior in eco-
nomic systems without getting lost in the thicket of micro-level detail.

The Sakoda-Schelling model
One of the most celebrated socio‐economic metaphorical frameworks
is the so called Schelling segregation model. Its origins trace back to
James Sakoda’s 1971 publication in the Journal of Mathematical Sociol-
ogy [15], which pioneered the use of agent‐based modeling within a
socio‐economic context. Independently, in that same year, Thomas
Schelling introduced essentially the same mechanism [14], later elab-
orating in his influential book on how individual agents’ micromotives
can give rise to unexpectedly complex macrobehaviors [17].

Thesemodels are typically implemented on a two‐dimensional square
lattice, where each lattice site represents a “house” and the lattice as a
whole represents a city of size2×2 . A fixed total of 3 agents occupies
some of these sites, so that the global agent density remains '0 = 3

22 .
Each agent’s decision to move is driven by a utility function "(') that
depends solely on the perceived density ' of its local neighborhood—
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i.e., the fraction of neighboring sites that are occupied. In most formu-
lations, "(') attains its maximum at some intermediate target density
'∗, reflecting the idea that individuals prefer to live in neighborhoods
neither too empty nor too crowded. An agent will relocate from its
current site to an empty site following a given decision rule which is a
function of the utility of both sites "('new), "('old), as discussed pre-
viously.

Formally, consider an 2 ×2 lattice containing 22 possible residences.
Exactly 3 of these sites are occupied by indistinguishable agents, so
that

'0 =
3

22

is conserved over time. Define each agent’s utility as "('), which is
assumed to peak at ' = '∗. At each time step, vacant site , (with local
density ' ,) is proposed to an agent at site + (with local density '+). If
the agent accept this move, he will occupy site , and site + becomes
empty. Thus each transition modifies the global state or the system.

Surprisingly, even when every agent’s utility function is maximized
at the same intermediate density '∗, the long‐term steady‐state config-
uration often exhibits large, nearly homogeneous clusters. In certain
regions of parameter space—particularly when agents tolerate only
slight deviations from '∗—one finds that the lattice partitions into
dense clusters of agents and zones that are either nearly empty. In
other words, rather than settling into the “ideal” neighborhood den-
sity '∗ everywhere, the system collapses into a highly condensed state
in which local densities far exceed the preferred value '∗.

A natural question is: how should one define an agent’s perceived den-
sity on this lattice? Grauwin et al. [39, 40] propose subdividing the
entire 2 × 2 grid into 4 disjoint “neighborhood blocks.” Each block
5 contains * total houses, and if there are 35 agents in block 5, then
its block density is

'5 =
35

*
.

Agents only evaluate the utility of any proposed site , by considering
the block density '5(,) of the block in which , lies.

Introducing this block structure allows the definition of a block‐level
free energy

1 (') = −1

!
[' ln(') + (1 − ') ln(1 − ')] +

∫'

0

"('′) 6'′, (1.9)

where ! is the intensity of choice (inverse temperature) parameter.
When each agent’s moving cost corresponds to a change in the global
system‐wide quantity ∆7 , and if that ∆7 can be derived from a free
energy, the dynamics satisfy detailed balance and behave like an equi-
librium statistical‐mechanics model. In this setting, one can analyti-
cally find the equilibrium system configuration by minimizing this
free energy. Grauwin et al. show that under these conditions, the sys-
tem can get stuck, at equilibrium, in a suboptimal configuration, lead-
ing to the observed clustering in Figure 1.2: starting from a random ini-
tial distribution (left panel), the system converges to a state in which
some blocks (neighborhoods) are completely vacant while others ap-
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proach density '5 ≈ 0.7, even though '∗ = 0.5.

Figure 1.2.: Example of the Schelling
model on a 100× 100 lattice subdivided
into 10 × 10 blocks. Each site is either
occupied (red) or empty (blue). The util-
ity function peaks at '∗ = 0.5. The left
panel shows a random initial configura-
tion; the right panel displays the steady
state, in which entire blocks are either
empty or over‐populated with local den-
sity '5 ≈ 0.7 > '∗.

In chapter 3, we demonstrate that these segregation phenomena per-
sist even when one replaces the equilibrium dynamics with more gen-
eral non‐equilibrium decision rules. In other words, the tendency for
agents to condense into suboptimal, high‐density clusters remains ro-
bust under a wide variety of updating protocols.

Nonetheless, classical Schelling‐type occupation models omit a cru-
cial real‐world ingredient: housing prices. In standard economic the-
ory, markets allocate resources and adjust prices so that supply and
demand reach equilibrium. One could thus argue that introducing
a functioning housing market into the Schelling framework would
allow agents to compare purchase or rental prices across neighbor-
hoods, potentially enabling them to achieve configurations that max-
imize their utilities—rather than becoming trapped in overly concen-
trated clusters. A well‐functioning market should, in principle, miti-
gate the unanticipated segregation effects observed in the pure occu-
pation model (though some empirical anomalies remain, e.g. [41]).

In chapter 4, after extensive analytical and empirical analysis of the
French housing market, we demonstrate that coupling the Schelling
model with a similar housing prices evolution equation does not in-
variably prevent condensation.

1.2. Classical macroeconomics frameworks
and the need for agent-based models

Following our discussion of how statistical physics provides powerful
tools for analyzing socio‐economic systems—and having introduced
the Sakoda-Schelling model as a paradigmatic, metaphorical frame-
work for exploring patterns of social segregation—we now shift our
focus towardmacroeconomics. This transition is natural, since the first
part of this thesis applies physics‐inspired techniques to the French
housing market, and the second part undertakes a comprehensive
study of the US labor market. A macroeconomic perspective is hence
essential for capturing the collective phenomena that arise when vast
numbers of agents interact.

By definition, macroeconomics is the branch of economics devoted to
understanding the behavior of the economy as a whole, rather than an-
alyzing individual sectors or firms in isolation. It concentrates on ag-
gregate quantities such as gross domestic product (GDP), national un-
employment rates, inflation, and total output. The canonical starting
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20: Keynes’s book inaugurated what is
now known as the Keynesian Revolution.
In it, he argued that economies do not
automatically restore full employment
following an external shock, because
wages and pricesmay adjust only slowly
or remain rigid. As a result, prolonged
periods of under‐employment and eco-
nomic downturn can occur. This insight
anticipates our second‐part analysis of
the US labor market, where we explore
its inherently nonequilibrium dynam-
ics.

21: From the Ancient Greek for “to dis-
cover,” heuristics are mental shortcuts
or “rules of thumb” that guide judg-
ment when facing complexity or uncer-
tainty. A classic relatable example is the
“shortest-line” heuristic at the grocery
store. Faced with several checkout lanes,
you don’t calculate the exact number
of items each customer has or predict
each cashier’s speed—instead, you sim-
ply choose the lane that looks shortest or
moves fastest in that moment. This rule
of thumb usually works well enough un-
der time pressure and limited informa-
tion, even though it isn’t a perfectly opti-
mal calculation of total wait time.

point for modern macroeconomic thought is John Maynard Keynes’s
seminal 1936 work, The General Theory of Employment, Interest and
Money20 [42]. Prior to Keynes, the prevailing view held that mar-
kets would clear instantaneously, ensuring full employment. Keynes
challenged this assumption by demonstrating that aggregate demand
might fall short of the level required to employ all willing workers,
thereby creating persistent unemployment.

In the second part of this thesis, we study the US labor market, where
millions of job seekers and employers interact through a decentralized
matching process.Here,macroeconomics becomes especially relevant:
to explain how aggregate unemployment persists, we must move be-
yond individual decision rules and instead study the overall flow of
workers into and out of employment and the role of external shocks.
By adopting the macroeconomic framework pioneered by Keynes—
one that emphasizes aggregate demand and the possibility of sus-
tained disequilibrium—we link microscopic agent‐based dynamics to
the broad, system‐level patterns observed empirically.

On bounded rationality
Tounderstand how local interactions among economic agents give rise
to macro‐level outcomes—such as aggregate output, employment dy-
namics, and systemic stability—we must reconceptualize macroeco-
nomic analysis. At the heart of this transformation is a critical reap-
praisal of the classical assumption that agents possess perfect fore-
sight and unlimited computational capacity—the rational expectations
paradigm introduced by Robert Lucas [43]. Under this framework, in-
dividuals are presumed to form expectations by fully integrating all
available information and the correct economic model, thereby mak-
ing decisions that optimally anticipate future states.

Herbert A. Simon challenged this idealization with his concept of
bounded rationality [11], asking how real‐world decision‐makers behave
when the strict conditions of rational choice theory are unattainable. In
these settings, agents employ heuristics21 rather than solving fully
specified optimization problems.

As J.Doyne Farmer eloquently puts it, socio‐economic systems reside
in the wilderness of bounded rationality [44], accessible via two contrast-
ing gateways. The first, the rationality gate, embodies traditional eco-
nomic models presuming agents with infinite computational capac-
ity and foresight. The second, the zero‐intelligence gate, dispenses with
such assumptions entirely, specifying only that agents follow simple
heuristic rules.

In Part II of this thesis, we show that zero‐intelligencemodels not only
reproduce fundamental empirical regularities but, in many instances,
surpass classical rational‐expectations frameworks—underscoring
the importance of this alternative route through the wilderness of
bounded rationality.

In the following section, we examine the well‐known macroeconomic
relationship called the Beveridge curve, which we analyze in detail in
chapters 5 and 6.
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24: Formulated and empirically tested
in the early twentieth century by math-
ematician Charles Cobb and economist
Paul Douglas, the function captures the
relationship between the two inputs
& and 8 through the functional form:
&!81−! .

the behavior of the labor market during business cycles.

The framework we will discuss is a zero-intelligence (in the sense
of [26]) agent-based model which is a simplified, aggregated version
of an earlier model [57]. Agents seeking jobs follow simple rules of
thumb: unemployedworkers apply at random to jobs compatible with
their skills, and firms post vacancies when they need to hire more peo-
ple to meet a production target or remove them when demand is re-
duced. Although we base our analysis on the work of [57]-which was
the first agent-basedmodel to explicitly study the Beveridge cycle- the
keymechanismswe argue drive the Beveridge cycle are commonplace
in agent-based modeling.

Crucially, our explanation does not require firms to be rational agents,
capable of computing the optimal number of vacancies they should
post, although it is not incompatiblewith rational behavior fromfirms.
The key mechanism in explaining the cycle in the Beveridge curve lies
in reconsidering the comparative statics approximation that is most
commonly used in modeling labor markets. We argue instead that the
time scales required for the different agents in the economy – firms
andworkers in this case – to coordinate can bemuch longer thanwhat
is typically assumed. This means that both the unemployment and va-
cancy rate do not immediately adjust to their long-term equilibrium
value. If the economy is subject to exogenous fluctuations that happen
so quickly that they do not allow it to reach its equilibrium, then it is ef-
fectively out of its steady state. Wemodel explicitly how the dynamics
are different during a boom and a bust, an asymmetry related to the
fact that hiring and firing workers is not done at the same speed. In
short, the assumption that agents do not coordinate instantaneously
means that the economy is not in its point of equilibrium; when sup-
plemented with asymmetric dynamics when employment is above or
below the equilibrium target, this is sufficient to explain the cycle in
the Beveridge curve. Lastly, we show that the same qualitative behav-
ior can be obtained even in an aggregate model with a standard Cobb-
Douglas 24 matching function. The key concept of matching function
will be elaborated on in more details in chapter 5.

Wewill then follow up on this work in chapter 6 by developing a natu-
ral extension of that framework—driven by the aggregated equations
inferred from our initial agent-based model—into a parsimonious dy-
namic disequilibrium model that shows striking agreement with US
empirical data.

The Diamond-Mortensen-Pissarides framework
Themain classical framework used to understand the Beveridge curve
is the well-known Diamond-Mortensen Pissarides (DMP) framework
[20, 19, 18], which differs from previouswork, such as implicit contract
models [58, 59], bargainingmodels [60] or efficiencywagemodels [61],
by explicitly modeling vacancy evolution without assuming market
clearing.

In particular, Pissarides proposed [18] a partial equilibrium model in
whichworkers, employed or unemployed, go from one category to the
other by being separated from their current employer ormatchedwith
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25: This premise is embedded within
the perfect competition framework, where
any prospective firm can enter the mar-
ket and begin producing and selling
(and open vacancies), thereby prevent-
ing monopolies from persisting.

a vacancy. The matching process is hindered by frictions that prevent
unemployed workers from being instantaneously matched with avail-
able vacancies. This component of the framework is now present in
nearly all labor market models, where the job search process and the
matching function capture most of the attention.

However, the framework implies a series of additional assumptions
that are rarely questioned in the literature. These assumptions revolve
around the way in which firms set vacancies: it is assumed that firms
follow a standard optimization procedure, where they weigh the cost
of posting a vacancy and hiring a worker versus the profits and losses
associated with having an unused machine that could be sold at a
given price. This view implicitly assumes that this arbitrage can be
done in very liquid markets, where the value of an idle machine can
be readily established andwhere they can be easily exchanged. In real-
ity, evaluating the price of these factors is a costly and time-consuming
task, given that they cannot be easily traded. Firms are also assumed
to have the capability to carry out all of these computations within
an arbitrarily small time-frame, as implied by the continuous-time set-
ting of the model. These hypotheses imply a level of coordination be-
tween firms that means that the free-entry condition applies 25 , and so
the economy is in an equilibrium where firms can post and remove
vacancies without any cost or friction.

Therefore, in this framework only unemployment follows explicit dy-
namics, which will be outlined in chapter 5. The solution to the firms’
optimization problem means that they set their vacancies proportion-
ally to the unemployment rate at all times. The labormarket converges
to a stationary state with an unemployment rate that depends on ex-
ogenous factors, like the workers’ bargaining power, their productiv-
ity distribution or the efficiency of the job search and match process.

Within the DMP framework, it has been argued that the labor mar-
ket reaches its stationary state within a timescale of the order of one
month [62], after either an exogenous shock or given a change in
the economic conditions described above. This has important conse-
quences in the modeling choices for the Beveridge curve. A common
choice is to do comparative statics (as do [62]), where the Beveridge
curve cycle is explained as a succession of stationary states of the labor
market after changes in economic conditions. The nature of the shifts
in the curve is then explained by several mechanisms, all of which
picture the economy as being perpetually close to a steady state. For
example, [46] suggest a crowding-out effect, with employed workers
having more incentives to look for jobs after recessions than unem-
ployedworkers. [63] proposes demand externalities as an explanation
for shifts in the absence of shocks, and [64] show that sectoral mis-
allocation and heterogeneous speed in recovery for different sectors
may also lead to outward movements in the Beveridge curve. Such
interpretations through comparative statics amount to explaining the
shifts in the Beveridge curve with structural changes in the labor mar-
ket [65]. The outward shift of the curve is then interpreted through
hysteresis: the unemployment rate does not increase in a recovery by
just retracing its footsteps because the economic equilibria it follows
are structurally different.
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In fact, a recent empirical study for the US Beveridge curve [66] sug-
gests that each shift for each business cycle has its own specific expla-
nation: An influx into the worker force between 1970-2009, a decrease
in matching efficiency due to skill mismatch during the Great Reces-
sion [67], and a diversity of reasons during the COVID-19 pandemic,
including the rise in quits during the Great Resignation [68]. Thus, a
static framework with shifting points of equilibrium that change de-
pending on specific economic changes would align well with this nar-
rative.

This is further reinforced by more recent empirical work that shows
lasting structural changes after periods of crisis. Bermejo et al. exam-
ine unemployment and vacancies levels across 24 European countries
from 2010 to 2020 [69], finding evidence of enduring structural effects
in the labor market following the COVID-19 pandemic. Another study
conducted by Alana et al. [70] scrutinized the labor market of the G7
nations over the period 2002 to 2023, revealing a decreasing trend in
the spread between unemployment and vacancies levels. The study
shows that unemployment levels exhibit mean-reverting characteris-
tics, potentially validating the theory that unemployment reverts back
to a natural rate, which arguably strengthens the case for comparative
statics. Other empirical work also argues in favor of a structuralist hy-
pothesis after studying the labor markets of 23 OECD countries [71].
Nonetheless, while all of these papers use state of the art data and
statistical techniques, there are substantial disagreements in their ex-
planation of the Beveridge curve. The diversity of factors needed to
explain each shift in the curve make it clear that these theories are
not parsimonious – there is no common explanation with predictive
power.

Some concerns have also been raised about the dynamical properties
of the DMP framework. Shimer has, for example, objected that it is
not able to account for the empirical fluctuations in unemployment
and job vacancies during business cycles [72]. Mortensen proposed a
dynamic version of the DMP model [73], where the equilibrium so-
lutions of the dynamical system suggest that multiple equilibria are
theoretically possible when parameter values are chosen to align rea-
sonably with empirical estimates. This framework implies the poten-
tial for deterministic endogenous limit cycles in unemployment, but
maintains the assumptions described in the DMP model.

On the other hand, Bocquet [74] proposes a model with a granular de-
scription of labor mobility frictions, where occupational bottlenecks pre-
vent the system from reaching a stationary state quickly. In his model,
the adjustment time of the labor market after a shock can be of the
order of ten months, which is ten times larger than that argued for by
Michaillat et al. [62]. It can also bemuch longer if the shock specifically
targets bottlenecks in the network. Such a long adjustment time-scale
makes the comparative static framework moot. If the time it takes the
labor market to reach its stationary state is of the same order as the
time during which economic conditions can change, then dynamics
may plan an important role, as also argued in [75].

This notion of bottlenecks was also picked up by a recent data anal-
ysis of the French labor market conducted by Knicker et al. [76], re-
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vealing that up to 93% of occupations are bottlenecks in the occupa-
tional mobility network. Crucially, they studied the properties of the
occupation-to-occupation transition matrix and the stationary distri-
bution it implies. They compute the stationary number of workers
within each occupation implied by the transition matrix, and find that
nearly none of the occupations were close to this implied stationary
value. In many cases, the discrepancy is quite large. This means that a
picture of a stationary-state labor market is in conflict with empirical
data, which seems instead to suggest a picture where the structure of
the labor market changes at a speed that is commensurate with the
time it would take it to reach its stationary state.

This iswhat is advocated by proponents of agent-basedmodels, which
allow for a study of dynamical economic systems through computer
simulation. In the specific case of the labormarket, ABMs have already
been used to study similar questions. [64] uses such a framework with
heterogeneous agents and firms with imperfect information to obtain
productivity mismatches, a factor that could help in understanding
job matching conditions leading to the Beveridge cycle. A similar idea
is also explored in [56], using an agent-based model where agents are
segregated into labor sectors, and face time frictions when transition-
ing between sectors. However, none of them explicitly studied the Bev-
eridge cycle.

In ABMs, a traditional approach to modeling hiring and firing was
initially outlined in [77]. In this approach, firms forecast their produc-
tion needs based on factors such as the historical demand they have
faced or expected inflation, making autonomous decisionswithout co-
ordination with other economic actors. Firms adjust their workforce
according to anticipated production changes – increasing hires when
growth is required and reducing their staff when they anticipate a
drop in demand. This picture is radically different from the picture
of firms that are able to rationally find their optimal behavior taking
into account all the possible decisions of workers or of other firms.

The modeling framework of ABMs has proven to be very robust and
has been adopted by many models that demonstrate complex behav-
ior, including endogenous crises and tipping points [37] and strong
non-equilibrium dynamics [75]. It has also been used in models that
analyze the economic recovery after the COVID pandemic [78] or the
ensuing inflation dynamics [79]. More recently, this framework was
also adopted in models that have been successfully calibrated to ac-
tual macroeconomic time series, thereby showing their relevance in
real-world economic analysis [80, 81].

Finally, more recent macroeconomic ABMs make quantitative time
series predictions that are comparable to those of standard macro-
models. [80, 81]

The idea of modeling the hiring/firing in the labor market as a my-
opic process was combined with a detailed microscopic model of the
matching process in an occupational network by del Rio-Chanona et
al. [82, 57], and used to study the Beveridge cycle. Our contribution
to the literature in this thesis is to make the links between the ABM
and DMP framework explicit, to propose an explanation that shows
how a very simple ABM can reproduce the Beveridge curve cycle



1. Introduction 20

and to show how our model makes several predictions about the Bev-
eridge curve. We do this by proposing a detailed study of the model
described in [82], but we highlight that themechanisms that are key to
our findings are common to all the models in the ABM framework de-
scribed above. Our model is also compatible with the findings of [74]
and [76]. In agreement with [74], we find that the labor market can
be very slow to react to certain shocks, but our mechanism and frame-
work are different from theirs. Our model also explains recent finding
that labor markets can be far from their stationary state [76].

Other perspectives in agent-based models
Having discussed agent-basedmodels of the macro-economy, and the
metaphorical Sakoda-Schellingmodel, one can conclude this chapter by
discussing other interesting use and findings of ABMs.

Recent work have designed agent-based models of the housing mar-
ket in order to explain its link with social segregation. For example
[83] concluded that segregation patterns can be observed even with
the simplest parameter setting in an agent-based model of the hous-
ingmarket. Moreover, [84] showed how understanding this link could
be very helpful to test and apply effective policies to prevent such seg-
regation, in the same vein as [85] where the effectiveness of macropru-
dential policies is tested on an agent-based model of the UK housing
market. Interestingly, [86] showed that social segregation is strongly
linked with social influence. Earlier studies, like that of [87], have also
explored the inefficiency of the housing market concerning its respon-
siveness to external news and the potential diffusion of such effects.
This is aligned with the work of Borghesi and Bouchaud [88, 89], who
proposed to explain the spatial trends observed in turning out rates
in French elections, from 1992 to 2009, with a noisy diffusive cultural
(or influence) field. Such diffusion equation is a remarkable feature of
social modeling, as it has been introducedmultiple times in the past to
describe socio-economic systems [90, 91], and will be the corner stone
of our work presented in chapter 4.

Finally, Seara et al. [92] recently demonstrated the effectiveness of
employing a hydrodynamic framework to model socio-economic sys-
tems, as previously proposed. This approach, which abstracts away
from individual-level details and instead focuses on collective, large-
scale phenomena, remains analytically manageable. By training neu-
ral networks on US census data, they were able to show—specifically
in the context of urban mobility—that the sociohydrodynamic model
successfully captured how, in the words, again, of Thomas Schelling,
individual micromotives can give rise to emergent macrobehaviors.

1.3. This thesis
Our endeavor here aims at contributing to the field of econophysics
and complexity economics, advocating for non-equilibrium models
grounded in bounded rationality and heterogeneous agents, as well
as the tools of stochastic differential equation to elucidate dynamic
socio-economic phenomena (as outlined for example in [52, 53, 16]).
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Within this framework, my research makes two principal con-
tributions. First, it deepens our quantitative understanding of
French socio‐economic data, with a particular focus on the hous-
ing market. By integrating advanced statistical techniques and
models inspired by statistical physics, we are able to character-
ize price evolution in a rigorous, data‐driven manner. Second, it
broadens insight into labor‐market dynamics by employing both
zero‐intelligence agent‐based models and more parsimonious, dy-
namical‐disequilibrium metaphorical models in the physicist’s tra-
dition. Together, these approaches illuminate how macroeconomic
aggregates—such as unemployment rates or housing prices— emerge
from the interaction of agents with limited information and adaptive
behavior.

Chapter 3 presents a novel reinterpretation of the Sakoda–Schelling
model by importing techniques from hydrodynamics and Active Mat-
ter. We demonstrate that the well‐known condensation phenomena
persist under non-equilibrium dynamics and across a broad class of
decision rules. This work was carried out in collaboration with R. Za-
kine, J. Garnier-Brun, and M. Benzaquen [1].

In Chapter 4, we introduce a model based on a stochastic differential
equation to describe and analyze the French housing market in detail.
We show that our framework naturally reproduces the empirically ob-
served long‐range correlations. Moreover, we find that coupling this
housing‐market model to the Sakoda–Schelling dynamics does not
necessarily inhibit condensation. This research was conducted under
the supervision of M. Benzaquen and J.-P. Bouchaud [2].

Chapter 5 addresses the classic macroeconomic stylized fact known
as the Beveridge curve, in particular its counter-clockwise, elliptic
motion over business‐cycle phases. Building on an agent‐based la-
bor‐market simulation, we derive a minimal aggregate description
comprising two coupled partial differential equations and show that
it successfully reproduces the observed cycle‐dependent shape. This
chapter is based on work with J. Moran, R.M. del Rio-Chanona, and J.D.
Farmer.

Finally, in chapter 6, we refine our aggregate approach to propose
an even more parsimonious model that not only captures the Bev-
eridge‐curve dynamics but also delivers accurate out‐of‐sample fore-
casts of unemployment conditional on vacancies and GDP. This fur-
ther validates the utility of metaphorical models founded on simple
heuristics. This work was developed jointly with J. Moran, R.M. del Rio-
Chanona, and J.D. Farmer.

Key results and conclusions are summarized at the end of each chap-
ter, with some technical derivations and supplementary calculations
deferred to dedicated appendices.



1: P. Langevin, Sur la théorie du mouve-
ment brownien, (1908).

Theoretical Foundations 2.
sic itur ad astra.1
Aeneid-Virgil, circa 29-19 BC.

This chapter aims to introduce the primary theoretical tools that un-
derpin the subsequent chapters of this thesis. These discussions are
largely introductory and are not intended to replace a dedicated
course in statistical physics.

2.1. The Langevin equation
As already underlined in the introduction, stochastic differential equa-
tions are indispensable tools for analyzing complex socio-economic
phenomena. Their strength lies in combining deterministic forceswith
random fluctuations, thereby capturing both systematic trends and in-
trinsic uncertainties. To establish the mathematical foundations that
will be used throughout Part I of this thesis, we now return to several
key ideas from statistical physics and develop them in greater detail.

Physical origin
A Brownian particle immersed in a fluid simultaneously experiences
two broad classes of forces: (i) long-range or slowly varying forces
of external origin, such as gravity or electromagnetic fields, and (ii)
rapidly fluctuating impacts caused by incessant collisions with the
surrounding fluid molecules. Paul Langevin’s seminal insight1 was
to split the second category into two parts: an averaged viscous drag,
corresponding to friction, and a stochastic contribution. Because the
correlation time of molecular hits, ), is typically several orders of mag-
nitude smaller than any macroscopic time scale, the noise can be ide-
alized as )→0. Hence, the stochastic component (called the Langevin
noise) is traditionally modeled as Gaussian white noise.

For simplicity, we restrict attention tomotion in a single spatial dimen-
sion #. The Langevin equation for the particle’s velocity 7(') = ,#('),
which corresponds toNewton’s equation ofmotion enhancedwith the
stochastic contribution described previously, reads

.
67(')

6'
= −#7(') + 9(#) + *('), 7(') =

6#(')

6'
, (2.1)

where . denotes the particle mass, # is the viscous‐drag coefficient,
9(#) is an externally prescribed deterministic force, and *(') repre-
sents the stochastic kicks delivered by the fluid. The latter is charac-

1“Thus one goes to the stars.”
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terized by its two-point correlator

〈*(')*('′)〉 = +2 ,(' − '′), (2.2)

with +2 fixing the noise strength and ,(·) the Dirac delta function. All
higher-order cumulants of *(') vanish, reflecting the assumed Gaus-
sian statistics.

Free particle solution and the Ornstein-Uhlenbeck
process
If the external force is switched off [9(#) = 0], solving the linear first-
order ordinary differential equation yields

7(') = 7(0) :−
#
. ' +

1

.

∫ '

0

6'′ :−
#
. ('−'′) *('′). (2.3)

The factor ); = ./# sets the characteristic time overwhich the particle
“forgets’’ its initial velocity. For times ' / ); the first term decays ex-
ponentially, and7(') becomes a stationary Gaussian random variable
with zero mean and autocorrelation

〈7(')7('′)〉 =
+2);
2.2

exp[−|' − '′|/);], (' , '′ / );). (2.4)

The resulting stationary process is known as the Ornstein–Uhlenbeck
process and constitutes the archetype of colored noise with finite cor-
relation time that we will extensively use in Part-I of this thesis.

At thermal equilibrium, kinetic-energy equipartition demands
.〈72〉 = -<$, where $ is the absolute temperature and -< the
Boltzmann constant. Matching this requirement to the long-time limit
of the above correlator leads to the celebrated fluctuation–dissipation
theorem:

+2);
2.2

=
-<$

.
=⇒ +2 = 2# -<$ . (2.5)

Notice that + is independent of the mass of the particle .—the ampli-
tude of the thermal kicks is determined solely by the solvent temper-
ature and viscosity.

The overdamped (Smoluchowski) limit
In numerous experimental and economic contexts the inertia of the
moving entity is negligible compared with viscous damping, i.e. ); =

./# is the shortest time in the problem. Letting.→0 while keeping #
fixed converts the velocity dynamics into an instantaneous constraint
and leaves a first-order stochastic differential equation for the position,

# ,#(') = 9(#) + *('). (2.6)

Choosing units such that # = 1 simplifies notation:

,#(') = 9(#) + *('). (2.7)

Hence the time derivative of #(') consists of a deterministic drift,
9(#), plus a stochastic contribution, *('), whose variance is fixed by
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2: By relating the diffusion constant to
directly observable macroscopic param-
eters, Einstein succeeded in inferring the
approximate size of individual atoms
and estimate Avogadro’s number—the
count of atoms in amole, or equivalently
the gram-molecular mass of a gas.

the fluctuation-dissipation theorem, +2 = 2-<$. Standard functional-
integration arguments show that an entire trajectory {#(')}0≤'≤' 1 is
weighted by

%({#(')}; 0 ≤ ' ≤ ' 1 ) ∝ exp
[
−
∫ ' 1

0

6'
[ ,#(') − 9(#)]2

4-<$

]
, (2.8)

up to a normalization constant.

Diffusion and mobility
If no systematic force acts on the particle [9(#) = 0], the above stochas-
tic differential equation reduces to pure diffusion. Integrating twice
shows that

〈#2(')〉 = 2!' , ! = -<$ , (2.9)

demonstrating that the motion is characterized by a diffusion coeffi-
cient !. Restoring physical units, one recovers the more familiar ex-
pression ! = -<$/#. By contrast, when a constant force 9= is applied,
the mean displacement grows linearly,

〈#(')〉 =
9=
#
' , (2.10)

which defines the particle’s mobility, equal to 1/#. The equality ! =

-<$/# is the celebrated Einstein relation of 1905. 2

Generalization to higher dimensions
For motion in two or three dimensions (6 = 2 or 3), each Cartesian
component evolves according to

#
6#-(')

6'
= 9-( 3#) + *-('), - = 1, . . . , 6, (2.11)

where 3# = (#1 , . . . ,#6) and *-(') is the --th component of the noise.
Isotropy of the fluid implies

〈*-(')*.('
′)〉 = 2#-<$ ,-. ,(' − '′), (2.12)

so fluctuations are mutually uncorrelated across directions.

In summary, he Langevin framework provides a clear and flexible de-
scription of Brownian motion by combining deterministic forces, vis-
cous dissipation, and stochastic fluctuations into a single differential
equation. In its overdamped limit, this formulation seamlessly reduces
to classical diffusion theory. These concepts will form the theoretical
foundation for the socio-economic models examined in the first part
of this thesis.



2. Theoretical Foundations 25

3: In applications / might represent a
genuine probability, a particle density, a
concentration, or any scalar field obey-
ing local conservation.

4: Note that we use the term influence
here rather than “probability rate of tran-
sition” to prepare for the housing mar-
ket model in chapter 4.

2.2. From the Master equation to the diffusion
equation

The Master equation is a bookkeeping identity that tracks how proba-
bility (or, more generally, any conserved scalar field) flows between
discrete states. To fix ideas let us imagine a one–dimensional lattice
with equally spaced nodes labeled by integers 3 ∈ Z and lattice spac-
ing >. A quantity3 /3(') resides at each site and can hop to the two
neighboring nodes with transition rates

?(3→3 + 1), ?(3→3 − 1).

Because the only mechanism that changes the content of a site is these
nearest–neighbor exchanges, the net balance reads

6/3(')

6'
= −

[
?(3→3 + 1) + ?(3→3 − 1)

]
/3(')

+ ?(3 + 1→3)/3+1(') + ?(3 − 1→3)/3−1('). (2.13)

The Master equation (2.13) is nothing more than a discrete ”mass con-
servation” equation: the first bracket measures what leaves node 3,
while the last two terms inject whatever enters from its neighbors.

Symmetric notation and conservation
It is convenient to introduce the shorthand

Γ3 ,ℓ ≡ ?(ℓ→3),

so that Γ3 ,ℓ quantifies the influence 4 of site ℓ on site 3. Writing (2.13)
with this notation gives

6/3(')

6'
=

∑
ℓ

Γ3 ,ℓ /ℓ (') −
∑
ℓ

Γℓ ,3 /3('), (2.14)

where the sums collapse to ℓ = 3 ± 1 for a nearest–neighbor lattice
but remain fully general otherwise. Equation (2.14) emphasizes a key
structural point: the change of /3 at time ' is the difference between
an influx from all other sites and an outflux that /3 itself sends out.

Continuum limit
To recover a partial differential equation one now lets the spacing > go
to zero. Define the continuous coordinate / = 3> and write the field
as

/(/ , ') ≡ /3('),

keeping the same symbol for simplicity. Similarly the discrete kernel
Γ3 ,ℓ becomes a continuous influence kernel

Γ(/ | /′) .



2. Theoretical Foundations 26

With these replacements the lattice sum turns into an integral, and
(2.14) transforms into

%'/(/ , ') =

∫
6/′ Γ(/ | /′)/(/′, ') −

∫
6/′ Γ(/′ | /)/(/ , '). (2.15)

For notational convenience introduce the jump variable ( = /−/′ and
define

'(( | /) ≡ Γ(/ | / − ().

Substituting /′ = / − ( in (2.15) yields the compact continuum Master
equation

%'/(/ , ') =

∫
6( '(( | /)/(/ − ( , ') −

[∫
6( '(( | /)

]
/(/ , '). (2.16)

Kramers–Moyal expansion
Assume that typical jumps |(| are small compared with the macro-
scopic scales of interest, so that the field remains smooth in /. Expand-
ing /(/ − ( , ') in a Taylor series

/(/ − ( , ') = /(/ , ') − ( %//(/ , ') +
(2

2
%2
//(/ , ') + . . .

and inserting into (2.16) produces the Kramers–Moyal hierarchy. Trun-
cating after the second order—appropriate when the kernel is suffi-
ciently compact—gives

%'/(/ , ') = −%/[A1(/)/(/ , ')] +
1

2
%2
/[A2(/)/(/ , ')], (2.17)

where the first two jump moments are

A1(/) =

∫
6( ( '(( | /), (2.18)

A2(/) =

∫
6( (2 '(( | /). (2.19)

Symmetric kernel. If the influence kernel is symmetric, '(( | /) =

'(−( | /), every odd moment vanishes and in particular A1(/) = 0.
Equation (2.17) then reduces to

%'/(/ , ') = %2
/[!(/)/(/ , ')], (2.20)

with the spatially dependent diffusion coefficient

!(/) =
1

2
A2(/) =

1

2

∫
6( (2 '(( | /).

Thus the familiar diffusion equation emerges as the natural continu-
ous surrogate of a symmetric jump process when only the first two
jump moments are retained.
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Uniform–! simplification

In many practical situations the fine‐scale variability of '(( | /) is ei-
ther unknown or negligible. Assuming the secondmoment is approxi-
mately constant,!(/) ≈ !, (2.20) simplifies even further to the classic
homogeneous diffusion equation

%'/(/ , ') = ! %2
//(/ , '). (2.21)

The procedure we have followed—from discrete hops, through the
Master equation, to the Kramers–Moyal expansion—demonstrates
precisely howamacroscopic diffusive law inherits its parameters from
microscopic jump statistics. The samepathwaywill be reused through-
out the thesis whenever we coarse‐grain discrete, agent–level dynam-
ics into smooth, continuum descriptions.

2.3. Variograms and correlograms: tools for
characterizing fluctuations

In many empirical settings—ranging from geophysics to financial
time–series analysis—the object of interest is a one–dimensional
record #('), whether ' is a temporal or a spatial coordinate. We intro-
duce in this section variograms and correlograms, useful statistical tools
that we extensively use in the first part of this thesis.

We assume that #(') possesses stationary increments: the statistics of
the difference

∆)# ≡ #(' + )) − #(')

depend on the lag ) but not on the absolute origin '. Invariance under
translations implies that possible long‐term drifts have been removed,
i.e.

〈∆)#〉' = 0, (2.22)

where 〈·〉' denotes an average over '.

The variogram
A natural way to quantify the typical amplitude of fluctuations over
a scale ) is to look at the mean square increment, known as the vari-
ogram :

7()) ≡ 〈[#(' + )) − #(')]2〉' . (2.23)

Because the mean increment vanishes by (2.22), 7()) plays the role
of a lag‐dependent variance, whose square root +()) =

√
7()) is a

natural measure of how much the signal #(') changes over time.

A familiar benchmark is standard Brownianmotion, for which the var-
iogram grows linearly,

7BM()) = 2! |)| , (2.24)

with ! the diffusion coefficient. Three important alternatives can be
identified by comparing 7()) to |)| :
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5: As opposed to “stationary incre-
ments” only.

◮ Superdiffusion (persistent walks):7()) increases faster than |)| ; in-
crement signs are positively correlated.

◮ Normal diffusion: growth is linear, cf.(2.24).
◮ Subdiffusion (anti‐persistent walks): 7()) grows slower than |)| ;

successive increments tend to compensate each other.

If the process is subject to a restoring force, 7()) can saturate at large
lags. The Ornstein–Uhlenbeck process,

,# = −Ω# + *('), 〈*(')*('′)〉 = +2 ,(' − '′), (2.25)

provides a textbook illustration. When Ω' / 1 the dynamics becomes
stationary5 ; its variogram reads

7OU()) =
+2

Ω
(1 − :−Ω|)| ), (2.26)

asymptotically converging towards a finite plateau 7∞ = +2/Ω.

From variogram to correlogram
Whenever (2.26) converges, the (auto)covariance of the level returns,

B()) = 〈#(' + ))#(')〉' , (2.27)

is well defined. A simple identity links B()) to the variogram:

B()) =
1

2
[7(+∞) −7()) ]. (2.28)

Equivalently,
7()) = 2[B(0) − B())]. (2.29)

For unbounded processes such as Brownian motion, 7(+∞) diverges
and the right‐hand side is ill defined—hence B()) does not exist even
though 7()) does. In such cases one may instead examine the covari-
ance of the increment or velocity,

B;()) = 〈 ,#(' + )) ,#(')〉' = B;(−)), (2.30)

which remains finite. The variogram and B; are connected through
the relation

B;()) =
1

2

62

6)2
7()). (2.31)

2.4. From a stochastic partial differential
equation to the correlogram

To conclude this chapter we show, on a concrete example, how one
actually computes a correlogram. The exercise is short yet central, be-
cause the same Fourier–space machinery will be reused throughout
Part-I of the thesis. All of the following calculations are derived in de-
tails in chapter 4.
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Step 1: the model. Consider a scalar field /(r, ') obeying

%'/ = ! ∆/ − 0 / + *(r, ') + 1(r), (2.32)

where

! diffusion constant,
0 mean–reversion rate,

* Ornstein-Uhlenbeck noise: 〈*(r, ')*(r′, '′)〉 =
C2

$>2
:−|'−'

′|/$ 0>(|r − r
′|),

1 frozen (static) disorder: 〈1(r)1(r′)〉 =
Σ

2

>2
0>(|r − r

′|).

The bell–shaped kernel 0> has range > and normalisation
22

∫∞
0
6D D 0>(D) = >2. At distances ℓ / > one may replace 0> by

a Dirac delta function.

Step 2: Fourier solution. Fourier transforming (2.32) gives the linear
ODE

%'/k = −(!-2 + 0)/k + *k + 1k ,

whose stationary solution reads

/k(') =

∫ '

−∞
:−(!-2+0)('−))[*k()) + 1k] 6).

Step 3: two-point spectrum. Because * and 1 are independent, the
correlation 〈/k(')/−k('′)〉 splits into two additive terms. In the long–
time limit one finds

〈/k(')/−k('′)〉 =
C2

2$

:−|'−'
′|/$ − :−(!-2+0)|'−'′|/[$(!-2 + 0)]

(!-2 + 0)2 − $−2︸!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︷︷!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!︸
fast noise *

+
Σ

2

(!-2 + 0)2︸!!!!!!!!︷︷!!!!!!!!︸
static noise 1

.

(2.32∗)

Step 4: real–space correlogram. Set ' = '′ to focus on spatial statis-
tics and inverse–transform only over k. Isotropy allows a polar change
of coordinates so that the angular integral produces a Bessel function,
(22)−1

∫22

0
6$ : +-ℓ cos$ = E0(-ℓ). Keeping the physically relevant win-

dow 1/ℓ ∗ ) - ) 1/> and neglecting subdominant terms yields

*–part: B*(ℓ) =
C2

42!

∫1/>

1/ℓ ∗

6-

-
E0(-ℓ) ≈ − C2

42!
log

ℓ

ℓ ∗
+ 8(ℓ),

1–part: B1(ℓ) =
Σ

2

22!2

∫1/>

1/ℓ ∗

6-

-3
E0(-ℓ) ≈ Σ

2

82!2
ℓ2 log

ℓ

ℓ ∗
+ 8′(ℓ).

Here 8(ℓ) and 8′(ℓ) are bounded remainders. Finally, because the spa-
tial variogram is V(ℓ) = 2[B(0) − B(ℓ)], we obtain the leading behavior

V(ℓ) ≃ C2

22!
log

ℓ

ℓ ∗
− Σ

2

42!2
ℓ2 log

ℓ

ℓ ∗
+ const. (> ) ℓ ) ℓ ∗). (2.33)

Hence, equation (2.33) demonstrates how logarithmic scalings emerge
from a simple partial differential equation, and we will come back to
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this model in more details in chapter 4.

In summary, the variogram quantifies the magnitude of signal varia-
tion across scales and serves as a foundation for the multiscale diag-
nostics developed later in this thesis.
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Key Takeaways

1. Microscopic–Macroscopic Bridge: The Langevin formal-
ism combines external forces and thermal noise in a single
stochastic differential equation, providing a direct link between
particle‐level dynamics and continuum descriptions.
2. From Hops to PDEs: Starting with a discrete Master equa-
tion and performing a Kramers–Moyal expansion shows
step‐by‐step how macroscopic partial differential equations are
inherited from local interactions.
3. Variogram: The variogram measures the amplitude of fluc-
tuations across scales, allowing to diagnose specific behavior
such as diffusion, persistence, or confinement in real data.



PART I: HYDRODYNAMIC MODELING OF
SOCIO-ECONOMIC SYSTEMS:

SEGREGATION DYNAMICS AND
HOUSING-PRICE DIFFUSION



1: To be perfectly precise, the first men-
tion of Sakoda’s model can be traced
back to his unpublished PhD thesis com-
pleted in 1946, while Schelling’s work
can be found in a 1969 working paper
[96]. In any case, there is no reason
to think either author took inspiration
from the other, the objective of the pa-
pers being clearly quite different.

An out-of-equilibrium
Sakoda-Schelling model 3.

Ses yeux s’attachèrent presque avidement entre la
colonne de la place Vendôme et le dôme des Invalides, là
où vivait ce beau monde dans lequel il avait voulu
pénétrer. Il lança sur cette ruche bourdonnante un regard
qui semblait par avance en pomper le miel, et dit ces mots
grandioses : «À nous deux maintenant !» Il revint à pied
rue d’Artois, et alla dîner chez madame de Nucingen.
Le Père Goriot-Honoré de Balzac, 1835.

This chapter is adapted from Zakine et al. (2024) [1], Socioeconomic
agents as active matter in nonequilibrium Sakoda-Schelling models. The
original publicationwas a collaborative effortwithR. Zakine, J. Garnier-
Brun and M. Benzaquen. My contributions include assisting in the ini-
tial framing of the problem, in the microscopic simulations, in the lin-
ear stability analysis and the model’ extensions. Sections mainly due
to the work of R. Zakine and J. Garnier-Brun have been removed.

3.1. Introduction
Will a collective system in which individuals share the same com-
mon goal ever reach an optimal state? This nontrivial question is at
the very core of strong debates among economists, notably because
the notion of “optimal state” is intrinsically political and most often
ill-defined. Despite the common idea that a system made of agents
individualistically improving their outcome will spontaneously con-
verge by the action of the “invisible hand” to an optimal collective
state, simple models have been shown to contradict this belief [93,
94, 95]. A well documented example of such system is the celebrated
Schelling model [14]. The latter can be considered to be a variant of
the model previously1 introduced by Sakoda [15], and will thus be re-
ferred henceforth as the Sakoda-Schellingmodel. To understand some
aspects of urban segregation in post-WWII American cities, and more
widely of urban and social dynamics, both authors proposed simple
lattice models of idealized cities. Each site, representing an accommo-
dation, can be empty or occupied by an agent belonging to one of two
sub-populations in the system. Interestingly, Schelling observed that
when introducing a slight preference for agents to be surrounded by
neighbors of their own group, the system evolves towards configura-
tions with completely segregated regions. While in fact not very well
suited to explain urban segregation, which is intimately related to past
and present public policies rather than self-organization [97, 98], the
model illustrates how themicromotives of the agents may lead to unan-
ticipated macrobehavior [17].
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Along the years, the Sakoda-Schelling model has attracted further at-
tention of statistical physicists [99, 100, 101, 102], due to its simple mi-
croscopic rules, its paradoxical macroscopic consequences and its un-
conventional non-local particle moves. To the usual end of bridging
the gap frommicro to macro, mappings onto equilibrium systems were
suggested [103], but with limited analytical results. To gain a more
in-depth understanding of the mechanism through which individual
choicesmay lead to sub-optimal collective outcomes, Grauwin et al. in-
troduced a modified version of the Schelling model with a single type
of agent occupying a lattice divided in pre-defined neighborhoods, or
blocks [39]. In this occupation model, the agents now base their deci-
sions on the neighborhood density, which is identical for all the agents
in a given block. This fixed neighborhood structure then allows to de-
scribe analytically the steady state as the minimizer of a free energy,
and to recover a nontrivial phase with suboptimal jam-packed neigh-
borhoods. Subsequent works have then explored variations of these
different models focusing on the effect of altruistic agents [104], dy-
namics close to criticality [105, 106, 107] or habit formation [108].

Even in the seemingly simpler occupation problem of Grauwin et
al. [39], several questions persist, both from the socioeconomic and sta-
tistical physics perspectives. In particular, the role of the specific deci-
sion rule and the precise nature of neighborhoods on the phenomenol-
ogy of the model remain unclear. Indeed, to allow for the standard
techniques of statistical mechanics to be applicable, the choice of the
neighborhoods and the dynamics is very constrained, see [7]. As will
be discussed in detail, most non-trivial decision rules lead the system
out of thermodynamic equilibrium, requiring calculations that are not
always readily tractable. As it is extremely difficult to empirically de-
termine how economic agents actually make decisions, the physics-
inspired theoretical analysis of toy models has a significant part to
play, in particular to determine the robustness of qualitative findings
to specific modeling choices. Besides, as argued in [7] and by some
of us in [109], the intrinsically individualistic nature of agent-specific
moves in socioeconomic models means that the description of collec-
tive behaviors as the minimization of some global energy is often not
possible. Understanding simple out-of-equilibriumdynamics as those
that arise from the decision rules presented here is therefore also nec-
essary from the methodological point of view.

The purpose of this chapter is to assess, within a general Sakoda-
Schelling like occupation model, whether and how the sub-optimal
concentration of agents in overly dense regions still occurs out of equi-
librium. Most importantly, we relax the assumption of taking a spe-
cific decision rule, and no longer require pre-defined block neighbor-
hoods as in [39]. The resulting heterogeneity of interactions in our
model then requires the use of out-of-equilibrium statistical mechan-
ics techniques, the progress of which in the last decade can be cred-
ited to active matter theory. Overall, we find that the phenomenol-
ogy of the model is largely unaffected by its nonequilibrium nature,
suggesting that the tendency of agents to aggregate sub-optimally is
robust to large classes of decision rules. This being said, our analysis
highlights interesting theoretical subtleties, notably related to the non-
monotonicity of the utility functions considered, that may, in turn,
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contribute to the understanding of other complex physical systems.

This chapter is organized as follows. In Sec. 3.2 we introduce a
Schelling-like occupation model, in which we keep the utility func-
tion and decision rule as general as possible to allow for nonequilib-
rium dynamics. We the perform a numerical analysis of the model.
In Sec. 3.3 we present a mean-field description of the dynamics, and
determine the region in parameter space where condensation neces-
sarily occurs. In Sec. 3.4 we show how the dynamics can be mapped
on the Active Model B [110], which is considered to be the natural
nonequilibrium extension of the Cahn-Hilliard field relaxation [111].
This mapping notably allows to compute the phase densities of the
concentrated states. In Sec. 3.5 we propose some relevant generaliza-
tions of the model, namely with two different populations and a hous-
ingmarket. Finally, in Sec. 3.6 we discuss the implications of our study
and conclude.

3.2. A Sakoda-Schelling occupation model

Setup
Consider a city structured as a two-dimensional rectangular lattice
composed of F = &/ × &( sites (or houses). Each site can be occu-
pied by at most one of the 2(≤ F) agents living in this city. On each
site of coordinate ! = (+ , ,), the occupation field 3 takes the value
3(!) = 1 if the site is occupied, 3(!) = 0 if it is vacant. It is assumed
that each agent - wants to maximize their own utility "- , which de-
pends on the local density of agents around them. Typically, it is natu-
ral to think that people like to gather in relatively dense areas to bene-
fit from the city life, but not too dense as crowding might degrade the
quality of life. Agents estimate the local density by averaging the oc-
cupation field with a probability-density-function kernel G+, where +
stands for the interaction range. The kernel is assumed to be isotropic
and identical for all agents. The smoothed occupation field 3̃ at site !

is thus given by the discrete convolution

3̃(!) =
∑
!′

G+(! − !
′)3(! ′). (3.1)

At each time step, an agent - can decide to move out from their oc-
cupied site !- and to settle on a new, randomly chosen, empty site
! ′
-
where the utility "[3̃(! ′

-
)] – quantifying the agent’s satisfaction –

might exceed their previous utility "[3̃(!-)]. We assume that the de-
cision to move to the new site is a function of the utility difference
∆"- ≡ "[3̃(! ′

-
)] − "[3̃(!-)]. While the very existence of the utility

function is debatable from a behavioral standpoint [112], classical eco-
nomics has traditionally taken agents to be strict utility maximizers,
meaning the move will be accepted if ∆"- > 0 and rejected otherwise.
In order to mitigate this assumption, a common approach is to intro-
duce a stochastic decision rule of the form

P(!- → !
′
-) = 1Γ(∆"-), (3.2)

where the function 1Γ is larger than 1
2 whenever ∆"- > 0. Typically,
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2: In the introductory chapter of this
thesis, we denoted this parameter as !,
underscoring its connection with the in-
verse temperature in thermodynamics.

1Γ is a positive and monotonic function of the utility difference, with
lim/→−∞ 1Γ(/) = 0 and lim/→+∞ 1Γ(/) = 1 [24]. The parameter Γ ≥ 0,
known as the intensity of choice2 , or simply the rationality, quantifies
the propensity of agents to go for strict utility maximizing. In particu-
lar, Γ → 0 corresponds to random decision making, while Γ → +∞
means perfectly rational agents.

In reality, the specific shape of the function 1Γ is unknown. In the socio-
economics literature, it ismost of the time taken as the logistic function

1Γ(/) =
1

1 + :−Γ/
, (3.3)

defining the so-called logit rule [23, 24]. The various reasons and justi-
fications of this decision rule are discussed and summarized in [7].
In a nutshell, it can be motivated axiomatically [23], or by the fact
that 1Γ is a maximum entropy distribution and therefore optimizes an
exploration-exploitation tradeoff when the cost associated with infor-
mation scales as 1/Γ [113, 114]. As empirical evidence supporting this
choice remains extremely scarce, its popularity is in reality largelymo-
tivated by convenience [112]. Indeed, many calculations are made pos-
sible thanks to the fact that it preserves detailed balance with respect
to the Gibbs-Boltzmann measure in the particular case where agents’
utility change also coincides with a global utility difference [115]. In
this context, $ ≡ 1/Γ can naturally be interpreted as the temperature,
or “social temperature”, of the system. In the following, the function
1Γ will be left unspecified, unless stated otherwise. In theMonte Carlo
simulations we will notably use the logit rule for simplicity.

The last ingredient to specify is the utility function " of the agents.
As stated above, we assume that the utility depends on the locally
smoothed occupation 3̃ only, and that it is non monotonic. As in
Ref. [39], we assume that the utility is maximal for some density
'★ ≥ 1

2 . We specifically choose for the simulations

"(/) = −
''/ − '★

''"
, (3.4)

with " > 0, see Fig. 3.1(a), but theoretical computations below will
keep " unspecified.

In or out of equilibrium?
As mentioned above, an often unspoken motivation for the use of the
logit rule in the modeling of socioeconomic systems is that it may sat-
isfy detailed balance. Indeed, as described by Grauwin et al. [39, 40] or
in [7] in a more general setting, if one manages to find a system-wide
energy-like function H such that

∆"- = H([{3(!)} , 3(! ′-) = 1, 3(!-) = 0])

− H([{3(!)} , 3(! ′-) = 0, 3(!-) = 1]),
(3.5)

then the usual tools of equilibrium statistical mechanics can be used.
The steady-state distribution of agents is notably identified as themini-
mumof the free energy, which is a Lyapunov function of the dynamics
prescribed by the logit rule.
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Figure 3.1.: (a) Utility function "(') =
−|' − '★|" for '★ = 0.5, " = {0.5, 1, 2}.
Panels (b), (c) and (d) show snapshots
of the stationary state for these different
utility functions, starting from the same
homogeneous profile at '0 = 0.5. Here
Γ = 100, + = 3 and &/ = &( = 100.
The stationary density '6 in the dense
phase is '6 = 0.575(5) for " = 0.5 in (b),
'6 = 0.575(5) for " = 1 in (c), and '6 =
0.585(5) for " = 2 in (d). These bulk
densities are all significantly higher than
the density '★ for which agents maxi-
mize their utility. Note the accumulation
of agents at the edge of the empty do-
main in (b) and (c), see Sec. 3.4.

At the agent level, the existence of such a global quantity is usually the
symptom of either altruistic individuals (that voluntarily maximize
some collective satisfaction) or of a central planner (that constructs in-
dividual rewards towards a collective objective). Outside of these two
cases, the existence of a free energy when agents are individualistic is
in fact restricted to a limited number of carefully chosen models (see
[109] for a related discussion in the context of microeconomics). In the
literature of Schelling-like models, taking a city divided in neighbor-
hoods or blocks [39], where agents share the same utility, yields such
a free energy description (which is importantly not a simple aggrega-
tion of individual utilities). In our model, however, this is no longer
true.

An explicit proof that our model violates Kolmogorov’s criterion
[116]—largely following the arguments of J. Garnier-Brun—is pro-
vided in our original article [1].

Microscopic simulations
Having established the out-of-equilibrium nature of our model, we
start by performing numerical simulations to assess whether the con-
centration of agents in overly dense regions is generic and robust to
different shapes of the utility function.Here, all numerical simulations
are performed on a two-dimensional gridwith periodic boundary con-
ditions. The utility is maximal for '★ = 1/2. For the sake a simplicity,
here we use the logit decision rule and a truncated Gaussian kernel

G+(!) =

{
1
2+

:−
1

2+2
‖ !‖2

, if ‖ !‖ ≤ 4+,

0, otherwise,
(3.6)

where 2+ enforces the normalization of the kernel.
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Figure 3.2.: (a) Typical dense domain size &6(') during coarsening as a function of time '. A unit of time is defined as 2 Monte
Carlo steps, where 2 is the number of agents. &6(') is averaged over 5 independent simulations. (b), (c), (d) and (e) show snapshots at
different times. Starting from a disordered configuration, we quench the system at low temperature, or high rationality , corresponding
to $ ≃ $=/6. Parameters: &/ = &( = 600, '0 = 0.3, + = 1, " = 3/2, $ = 0.01.

Phase separation

For large system size &/ , &( / +, we explore the behavior for differ-
ent global densities '0 = 2/(&/&() and for various rationality param-
eters. Numerical results are qualitatively similar for all the values of
" we tested, ranging from " = 0.5 to " = 2, see Fig. 3.1. The phe-
nomenology can be summarized as follows. When rationality is low
(Γ → 0, $ → ∞), the stationary state remains homogeneous because
agents settle at random. When rationality is high, agents may aggre-
gate in dense clusters, which can surprisingly be more crowded than
what agents’ utilities prescribe. This was already discussed in [39]
where the authors point out that the homogeneous state is actually
an unstable Nash equilibrium, even though all agents maximize their
utility. The destabilization occurs as one agent randomly moves to an-
other region (with no regard to the effect it may have on the other
agents utilities), which decreases the average density at their origi-
nal site and increases the average density where they settle. Agents in
the lower-density region will eventually move to gain the utility they
lost when their neighbors moved out. This dynamics will eventually
empty some regions, in which agent’s return becomes statistically less
and less probable. The final state, where a dense phase and an empty
phase coexist, is a stable Nash equilibrium.

One can quantify the condensation dynamics when starting from the
homogeneous state and taking high rationality. The systemundergoes
a spinodal decomposition where dense clusters grow andmerge until
there is one large dense cluster only, as shown in Fig. 3.2. The final clus-
ter topology ultimately depends on noise realization and on the box di-
mensions. We measure the cluster size &6(') as a function of time ' us-
ing the radial structure factor (see App. A.1).We find &6(') ∼ '1/H , with
the dynamical exponent H ∈ [2, 3], reminiscent of the coarsening expo-
nent observed in a 2D Ising systemwith long-range Kawasaki dynam-
ics [117, 118, 119, 120]. Interestingly, and consistent with the findings of
[120] in the low temperature region, our results suggest an exponent
closer to the local Kawasaki dynamics result H = 3 (see Fig. 3.2(a)),
despite long-range particle displacements.

Critical point and critical exponents

The complete phase separation that occurs when rationality is high in-
dicates the use of the order parameter . ≡ '6 − '0 , where '6 , '0 are
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the average densities of the dense and “gas” (dilute) phases, respec-
tively. At the critical point ('= ,$=), we expect a second-order phase
transition where . goes to 0 with power-law scaling

. ∼
)→0+

)! , (3.7)

where ) = ($= −$)/$= > 0 defines the rescaled temperature difference,
and ! is the order-parameter critical exponent. Measuring the critical
exponents allows one to determine to which universality class the sys-
tem belongs to, providing precious information on the system behav-
ior at large scales. Since simulations are carried out in finite systems,
measuring the critical point with precision requires numerical ruse.
We follow the approach that has been extensively used tomeasure crit-
ical exponents in systems undergoing a Motility-Induced Phase Sepa-
ration (referred to as MIPS) [121, 122, 123], see App. A.2.

Simulations are performed in a rectangular domain of size &/ × &( ,
with &/ = 3&( , with periodic boundary conditions to keep flat inter-
faces between a stripe of liquid (dense phase) and a stripe of gas (dilute
phase). Starting with the dense phase in the center of the system, we
track the center of mass such that we always compute the densities in
the bulk of each phase. To compute the local density inside the bulk of
each phase, we consider square boxes of size ℓ = &(/2, centered either
in 0 in the gas bulk or centered in &//2 in the dense bulk (Fig. A.1).
The local density in each box fluctuates and it is given by 'I = 2I/ℓ

2

with 2I the number of agents in the box I in a given realization of the
system. The distribution of the density in the system is thus bimodal
for $ < $= and unimodal when the system is homogeneous. Defining

∆' =
2I − 〈2I〉

ℓ2
, (3.8)

where the 〈·〉 stands for averaging on the four boxes and on indepen-
dent realizations of the simulation, we compute the celebrated Binder
cumulant [124, 125, 126]

4ℓ (∆',$) =
〈(∆')2〉
〈(∆')4〉 , (3.9)

for a given box size ℓ and a given temperature $. For ℓ large enough,
the curves 4ℓ ($) all intersect in $ = $= where the behavior of the
system is universal. It is important to mention that the critical density
is not known a priori. It has to be assessed beforehand to ensure that
the system, as $ changes, goes through the critical point, where the
phase transition is of second-order type. To locate '= , we compute the
Binder cumulant at fixed temperature, close to the estimated critical
point, for various densities '0. The critical density then corresponds
to the maximal fluctuations of ∆', translated in a peak of the Binder
cumulant, see Fig. 3.3(a). Once the critical point is precisely located,
additional critical exponents can be measured. Notably, defining the
susceptibility 4 as

4 ≡ 〈(2I − 〈2I〉)2〉
〈2I〉

=
〈(∆')2〉
〈2I〉

ℓ4
, (3.10)
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of the Ising model, namely, short-range and isotropic interactions, a
homogeneous medium and a two state degree of freedom (sites are
empty or occupied). This result must also be put into perspective with
the recent debate on the universality class(es) of systems undergoing
MIPS [121, 123, 122, 127, 128], and their associated active field theo-
ries [129, 130]. Notably here, our interaction kernel G+ provides a so-
called quorum-sensing interaction, like that found in assemblies of bac-
teria [131]. The particle dynamics is however quite different for bacte-
ria and for our agents. The remaining of the chapter shall be devoted
to establishing a quantitative relation between our Sakoda-Schelling
occupation model and the field-theory descriptions of MIPS. The first
step along this path is to formulate a mean-field approximation of our
model.

3.3. Field theory and the local-move
approximation

General description
The computation starts by writing the expectation of the occupation
number 3! ,J+1 ≡ 3(! , J + 1) of site ! at time J + 1, conditioned on the
previous configuration {3! ,J}. Averaging over multiple realizations of
noise and using a mean-field approximation in which all correlation
functions factorize, one obtains

〈3! ,J+1〉 − 〈3! ,J〉 = (1 − 〈3! ,J〉)
∑
!′ 8=!

〈3!′,J〉 1Γ(∆"J
!′→!

)

− 〈3! ,J〉
∑
!′ 8=!

(1 − 〈3!′,J〉) 1Γ(∆"J
!→!′),

(3.12)

where ∆"J
!→!′ ≡ "(〈3̃!′,J〉) − "(〈3̃! ,J〉). For convenience, we take the

continuous time and continuous space limit, following the common
procedure to obtain a mean-field description of exclusion processes
on lattices (see e.g. [132]). The average occupation number 〈3〉 is now
described by the density ', while the spatially smoothed average oc-
cupation number 〈3̃〉 is described by the field ( ≡ G+ ∗ '. The master
equation for the occupation probability then takes the form of a noise-
less hydrodynamic equation, in our case:

%''(/ , ') =[1 − '(/ , ')]

∫
6( '(( , ')K([(], ( , / , ')

− '(/ , ')

∫
6( [1 − '(( , ')]K([(], / , ( , '),

(3.13)

with the transition rate from ( to / explicitly given by

KΓ([(], ( , / , ') = 5 1Γ
(
"(((/ , ')) − "(((( , '))

)
, (3.14)

where 5 is homogeneous to an inverse time scale and 1Γ is left unspec-
ified. Equation (3.13) is valid in any dimension, but, for simplicity, we
will work out the mean-field computations in dimension 1 in space.
This can be justified a posterioriwhen we compare the mean-field (MF)
to the Monte Carlo (MC) simulations. Let us also mention that the di-
mension does not play a role in determining the phase densities in the
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steady state of coarse-grained field theories (Allen-Cahn [133], Cahn-
Hilliard [134], etc.).

Integrating Eq. (3.13) over space, one immediately sees that the total
density

∫
' is conserved. One can also check that in the very specific

case where "(() is linear in (, one can build a free-energy functional
that is a Lyapunov function of the non-local MF dynamics, ensuring
a convergence towards local minima and preventing limit cycles and
oscillatory dynamics. This is a natural consequence of the fact that
detailed balance is satisfied atmicroscopic level. Formore information
about how we construct this free energy and show that the dynamics
is relaxational, (mainly due to R. Zakine) see [1].

Linear stability analysis
In the general case, we would like to understand how the homoge-
neous state becomes unstable. To do so, we consider a small pertur-
bation around the homogeneous state: '(/ , ') = '0 + '1(/ , '), with
'1 the perturbation. By linearity of the convolution, one has ((/ , ') =

'0 + (1(/ , '), with (1 ≡ G+ ∗ '1. A Taylor expansion of Eq. (3.13) com-
bined with mass conservation (i.e

∫
!
'1 =

∫
!
(1 = 0, where ! is the

full domain), finally yields:

%''1(/ , ') = 2Ω'0(1 − '0) 1 ′(0)"′('0)(1(/ , ')

− Ω 1 (0)'1(/ , '),
(3.15)

with Ω the full domain size. Defining the Fourier transform for any
field ℎ as ℎ̂(-) =

∫
6/ :−+-/ℎ(/), one obtains

%' '̂1(- , ') = Λ(-)'̂1(- , '), (3.16)

Λ(-) = Ω 1Γ(0)

(
2'0(1 − '0)

1 ′
Γ

(0)

1Γ(0)
"′('0)Ĝ+(-) − 1

)
. (3.17)

This last equation shows that the homogeneous state is unstable if
there exists a mode -★ such that

2'0(1 − '0)
1 ′
Γ

(0)

1Γ(0)
"′('0)Ĝ+(-★) > 1. (3.18)

The manifold for which the inequality becomes an equality defines
the spinodal in the phase diagram ('0 , ). In particular, for any mono-
tonically decreasing kernel G+(|/|) ∈ &2(R), one has Ĝ+(0) > |Ĝ+(-)| ,
such that for large system size, the stability of the homogeneous state
is given by the stability of modes - → 0, and the spinodal is thus de-
fined by the equation

2'0(1 − '0)
1 ′
Γ

(0)

1Γ(0)
"′('0) = 1. (3.19)

Note that this criterion is generic as it only depends on the decision
rule through 1Γ(0) and 1 ′

Γ
(0). The simulations also reveal the existence

of a bistable region in the vicinity of this spinodal. This is the bin-
odal region , where hysteresis and bistability can notably be observed,
and which can be fully characterized in the case of an equilibrium sys-
tem [101]. Here however, there is a priori no free energy one can rely
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Figure 3.4.:Comparison betweenMonte
Carlo simulations and mean-field re-
sults for " = 3/2, + = 7 and &/ =
200, &( = 66 (ℓ = 33). (a) Phase di-
agram in the ('0 ,$) plane. The mean-
field binodal (continuous black line) is
given by measuring the densities of the
bulk of each plateau in a phase sepa-
rated state. The circles are the bulk av-
eraged densities in Monte Carlo (MC)
simulations. The dashed black line rep-
resent the mean-field spinodal, which
is obtained analytically from the linear
stability analysis (see Eq. (3.18)), with
Ĝ+(-1) = :−+

2-2
1
/2 and -1 = 22/&/ .

The diamonds indicate the loss of stabil-
ity of the homogeneous state in the MC
simulations. The black square is the crit-
ical point for +/& → 0. (b) Averaged
density profile '(/) from MC simula-
tions (continuous green line) for '0 =
0.35, $ = 0.05. The dashed black line is
the stationary solution of the mean-field
equation Eq. (3.13) for the same parame-
ters, solved on a grid of step size 1 with
a Euler explicit scheme.

on to describe the nucleation scenario and to obtain the densities of
the phase-separated state.

Comparison to microscopic simulations
The MF prediction is expected to be accurate for systems with high
connectivity, which here corresponds to large +. In the following, we
shall take the limit & → +∞, + → +∞ with +/& → 0 to obtain mean-
field predictions that are independent of both + and &, and perform
numerical simulations as close as possible to this scaling regime.

The first analytical prediction of the MF description is the spinodal,
that determines the onset of instability of the homogeneous state, see
Eq. (3.19). The spinodal is the dashed line in the (',$) phase diagram
in Fig. 3.4(a). To check the prediction, we start in the MC simulations
from a uniformly distributed configuration of agents for three differ-
ent values of temperature, $ = 0.04, 0.08, 0.11, and we detect the fron-
tier across which the homogeneous profile either coarsens, or needs
a nucleation event to converge to the separated state. This frontier is
marked with the diamonds, which agrees with the MF prediction.

Second, the MF dynamical Eq. (3.13) can be solved numerically with
an Euler explicit scheme. From the numerical solution, one obtains the
densities of the bulk of each phase when a phase separation occurs:
these densities define the binodal, the continuous line in Fig. 3.4(a).
These MF phase densities are perfectly recovered by the MC simula-
tions (circles). In addition, one can compare the steady-state average
density profile fromMC simulations to the mean-field stationary den-
sity, which superimpose almost exactly, see Fig. 3.4(b).

As previously stated, theMF predictions fail for small values of +. The
phase diagram in Fig. 3.3(a) is for instance obtained for + = 1, and in-
deed strongly differs from theMF solution. For + = 1, we notably iden-
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3: Dynamically, the coarsening expo-
nent H ≃ 3 displayed in Fig. 3.2(a),
and which is also observed in a Cahn-
Hilliard relaxation dynamics can also
be invoked to support the idea of local
moves.

tify the critical point at ('= ,$=) = (0.271, 0.0620), whereas the MF pre-
dicts ('= ,$=)F9 = (0.2763, 0.1418), where, as expected, $+=1

= < $F9
= .

Local-move approximation
To make progress into the identification of a possible effective free en-
ergy functional, it may be convenient to consider slightly modified
dynamics where jumps are now only authorized in the direct neigh-
borhood of the agents. Indeed, considering an evolution enforcing a
localmass conservationwill allow formore familiar partial differential
equations (PDEs) and field theoretic approaches on conserved scalar
fields. Here, the absence of macroscopic density currents in the steady
state, both inMC simulations and in theMF solution suggests that the
system generically converges to a stationary stable fixed point, where
the details of the dynamics become inconsequential. In addition,when
the majority of agents have aggregated in a single dense cluster in
the steady state, it is unlikely that they would perform moves outside
of the bulk, in low-density regions, since the utility there is minimal.
The local-move approximation, as it strongly simplifies the descrip-
tion, thus appears natural.3

Following the Taylor expansion outlined in App. A.3, the local mean-
field dynamics is given by

%'' = 1Γ(0)%2
/' − 2 1 ′

Γ
(0)%/ ['(1 − ')%/"], (3.20)

which can be rewritten as the canonical equation for the mass-
conserving dynamics

%'' = %/ [F[']%/-(['], /)], (3.21)

with the mobility operator F['] = '(1 − '), stemming from the non-
overlapping nature of the agents, and with the chemical potential - =

-:3' . + -"'+M. where

-:3' . = 1Γ(0) log

(
'

1 − '

)
(3.22)

-"'+M. = −2 1 ′
Γ

(0)"[((/)]. (3.23)

The first contribution to the chemical potential -:3' . is purely local and
accounts for entropy in the system where agents cannot overlap. The
second contribution -"'+M. encodes the drive from agents’ utility. This
term exhibits non-locality with respect to the field ', and as a con-
sequence, cannot be expressed as a functional derivative of any free
energy, in general [135, 136, 137]. However, in the particular case of a
linear utility in (, one again recovers that -"'+M. + -:3' . can be written
as the functional derivative of the free energy Fgiven [1] and, as a con-
sequence, the dynamics (3.21) becomes a gradient descent [138]. Let us
emphasize that, here again, the decision rule is kept general, and that
the entire local dynamics only depend on it through 1Γ(0) and 1 ′

Γ
(0).

Performing the linear stability analysis on the dynamics with local
moves (see App. A.3), we find that the criterion for the homogeneous
solution to be unstable is identical to that given in Eq. (3.19), when
moves are global. Also, the stationary density profiles computed ei-
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ther with the local, or with the non-local MF PDEs for the same pa-
rameters are identical, as shown in App. A.4. Both these observations
therefore allow us to confirm the relevance of the local-move approxi-
mation to characterize the system in the long-time limit.

Finally, note that the local hydrodynamic equations can also be ob-
tained using the path integral approach on a lattice [139], which, in
passing, provides the fluctuating hydrodynamics:

%'' = %/

[
'(1 − ')%/-(['], /) +

√
'(1 − ')1

]
, (3.24)

where 1(/ , ') is a Gaussian white noise with zero mean and with
〈1(/ , ')1(/′, '′)〉 = 2 1Γ(0),(' − '′),(/ − /′). We then remark that when
the utility is linear, the stochastic field evolution describes a complete
equilibrium dynamics, irrespective of the choice of the decision rule:
A rule that breaks detailed balance at the microscopic level can still
lead to an equilibrium field theory after coarse graining. Similar find-
ings had been pinpointed in activematter models [140, 136]. While not
central to the present work, the fluctuations can be studied in more
detail, providing information on the nucleation scenarii and on transi-
tion paths between macroscopic states for instance [141, 142, 143, 144].
The study of the associated functional Fokker-Planck equation using
the tools described in [145, 146] may also be an interesting perspec-
tive for future works. In the case of non-local moves, the formalism
from [139] cannot be straightforwardly adapted, since the local gradi-
ent expansion of the jump rates in the action breaks down. Establish-
ing an appropriate fluctuating hydrodynamic description in the case
of non-local dynamics is therefore an open problem.

3.4. Generalized-thermodynamic
construction

Since the previous section has shown that the phase separation is well
described by the local-move approximation, we can now use the ma-
chinery of field theory for scalar active matter (e.g. Active Model B),
as developed in [110, 147, 148]. This mapping will notably allow us to
obtain the binodal densities for some class of utility functions detailed
below.

The generalized-thermodynamic expansion
Even though - in Eq. (3.21) cannot be written as the functional deriva-
tive [136, 135, 137], the dynamics can be analyzed by resorting to a
gradient expansion. Indeed, expanding the chemical potential up to
N(∇4

, '2) terms yields

-['] = 00(') + &(')(∇')2 − 0(')∇2' + N(∇4
, '2), (3.25)

with 00, &, 0 local function of the field ', and a generalized thermo-
dynamic mapping [147, 149] can yield the prediction of the binodal
densities.

For simplicity, we will now assume that the smoothing kernel is a
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Gaussian distribution of zero mean and variance +2. In Fourier space,
the smoothed field is given by (̂(-) = '̂- exp(−+2-2/2), which can be
truncated to leading order:

(̂- ≃ '̂-

(
1 − -2+2

2
+ N(+4|-|4)

)
. (3.26)

In real space, this translates into ( = '+ +2

2 ∇2'+N(∇4
, '). This allows

us to further expand the -"'+M. given in Eq. (3.23). To leading order in
the N(∇, ') expansion, one has

-"'+M. = −2 1 ′
Γ

(0)

[
"(') +

+2

2
"′(')%2

/' + N(%4
/ , ')

]
. (3.27)

Combining this expansion of-"'+M. with the entropic contribution-:3' .,
it is now possible to identify the different terms in Eq. (3.25), namely:

00(') = −2 1 ′
Γ

(0)"(') + 1Γ(0) log

(
'

1 − '

)
; (3.28)

&(') = 0; 0(') = 1 ′
Γ

(0)+2"′('). (3.29)

This identification enables us to follow up to the next step, which is
finding the proper function A(') and the generalized functional G[A]

by means of which the dynamics will be given by

%''(/ , ') = %/ ·

[
F[']%/

,G

,A(/ , ')

'''
A(')

]
. (3.30)

A double-tangent construction on G[A] then provides the binodal den-
sities [147]. Since &(') = 0, the differential equation that the function
A must satisfy (see [147, 149]) is

0(')A′′(') = −0′(')A′('), (3.31)

which simplifies into (0A′)′ = 0, where the ′ denotes the derivative
with respect to '.

Then, because the function A is bĳective, it can thus be inverted to get
'(A), and this allows us to define a new chemical potential 0[A] ≡
-['(A)]. The functional G[A] is then obtained by integrating 0[A] on
each domain and by gluing together the two integrated parts at . Ex-
plicitly using the notations introduced in [149], we have

0 =
,G

,A
, G=

∫
6/

[
Φ(A) +

0

2A′ (%/A)2
]
, (3.32)

where Φ(A) defines a generalized free energy density verifying

6Φ

6A
= 00['(A)], (3.33)

with 00 defined in Eq. (3.28). The double-tangent construction or the
Maxwell construction on Φ(A) then yields the binodal densities.

For a thorough account of this method—including the challenges
posed by a sign change in 0 and the details of the double-tangent con-
struction (both mainly due to R. Zakine)—see [1].
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Figure 3.5.: (a) Utility "(') (solid line),
and change of variable A(') (dashed
line) for " = 3/2 and '★ = 1/2. (b) Com-
parison between the semi-analytical pre-
diction (dark line) and the binodal den-
sities both obtained via the Monte Carlo
simulations (green circles) and solving
numerically the mean-field Eq. (3.13)
(green dot-dashed line). The decision
rule here is the logit function, whose val-
ues in 0 are 1 (0) = 1/2 and 1 ′(0) =
/4. Inset: double-tangent construction
on Φ(A) for $ = 0.083. The dense phase
is given by A6 = 0.170, yielding '6 =
0.53, and the gaseous phase is given by
A0 = −0.69, yielding '0 = 0.022.

4: The recent work [92] on urban segre-
gation in the United States has brought
to our attention the existence of sur-
veys [150, 151, 152] confirming the idea
that different sub-populations may re-
quire markedly different utility func-
tions.

Figure (3.5)(a) shows the change of variables to A('), while the inset
of Fig.(3.5)(b) presents a specific instance of the effective free-energy
density Φ. By performing the Maxwell construction numerically over
a range of temperatures, we obtain a semi-analytical form for the bin-
odal curve, which agrees superbly with our Monte Carlo results in
Fig.(3.5)(b). Crucially, although the interaction range + enters into 0, it
cancels out in the expression for Φ, meaning the coexistence densities
in the thermodynamic limit are unchanged—confirming that cluster-
ing inefficiencies are not an artifact of finite system size.

3.5. Further socioeconomic considerations

Two populations
A natural extension of the problem is to restore some diversity among
agents, as initially considered by both Sakoda and Schelling. Here we
consider two types of interacting agents (say C and <), with possibly
different utility functions, which could for example represent higher
and lower revenue individuals, or city dwellers and business profes-
sionals, etc.4 A central question in this case is whether the system
reaches fixed points, or if more complicated dynamics can persist in
the long time limit, especially if the two populations have competing
interests. Recent work has been devoted to studying nonreciprocal in-
teractions between different kinds of particles, exhibiting the wealth
of possible dynamical behavior when particle displacements are lo-
cal [153, 154]. An interesting question in our setup is for instance: do
propagatingwaves (or frustrated states) survivewhen nonlocalmoves
are allowed? Indeed, onemay expect that enforcing local displacement
constitutes a dynamical constraint that drives the system in a partic-
ular way. Allowing for nonlocal moves may change the dynamics of
how the frustrated states are resolved. One may think of three major
types of interactions:

◮ First, a cooperative interactionwhere agentsC and agents <may
maximize their utility when agents of opposite type are found in
their neighborhood. This kind of interaction will typically lead
to homogeneous well-mixed systems, or to some condensation
into a dense phase where agents are well-mixed, but since frus-
tration is not implemented in the microscopic rules, we reason-
ably expect stationary states.
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(a) (b)

Figure 3.6.: Snapshots of the system
for two frustrated interaction parameter
choices. (a) Stationary demixing in a re-
gionwhere LSA presents complex eigen-
values. The agent C phase still contains
some < agents. Parameters: =1 = −2,
=2 = 1, + = 3, '̄C = 0.2, '̄< = 0.5, Γ =
10. (b) Chaotic propagation of polarized
blobs in a region where LSA presents
pure real eigenvalues (null imaginary
part). Parameters: =1 = −2, =2 = 0.5,
+ = 7, '̄C = 0.6, '̄< = 0.2, Γ = 100. For
both (a) and (b), &/ = &( = 300. Movies
are available online [155].

◮ Second, each agent type may decide to settle among peers
and/or avoid agents of the other type in their surroundings.
One should then expect a complete phase separation into two
domains, one displaying a majority of Cs and, the other, a ma-
jority of <s. Whether the C − < phase separation additionally
displays some condensation depends on the self-affinity of each
agent type.

◮ Third, frustrated situations in which C settles with C but wants
to avoid < agents, while < agents would like to gather and settle
close to C. In this situation, we may expect non stationary pat-
terns, stemming from the fact that all agents cannot be satisfied
at the same time.

With this last situation inmind, we have considered the following util-
ity functions ("C for C agents and "< for < agents):

"C(/ , [(C,<]) = −|(C(/) − '★|2+=1(<(/) (3.34)
"<(/ , [(C,<]) = −|(C(/) − '★|2+=2(<(/), (3.35)

where =1 < 0 translates the fact that Cs are fleeing from <, and =2 > 0

translates the fact that <s have a tendency to gather with <s. The term
−|(C − '★|2 enjoins both populations to settle among C populated
areas. Of course, the specific shape of utilities taken here may be re-
strictive and can be easily generalized.

The extension of themean-field dynamics to this two population prob-
lem is rather straightforward. Writing 'C(/ , ') (resp. '<(/ , ')) the den-
sity of agents C (resp. <) at location / and time ', and denoting the
total density by '(/ , ') ≡ 'C(/ , ') + '<(/ , '), we now have an evolu-
tion equation of the form

%''C(/ , ') = [1 − '(/ , ')]

∫
'C(( , ')KΓC([(C,<], ( , / , ') 6(

− 'C(/ , ')

∫
[1 − '(( , ')]KΓC([(C,<], / , ( , ') 6( ,

(3.36)

and, by symmetry, a similar equation for <. The transition rates de-
pend on the utility function of each agent type and are a priori agent
specific. Denoting "O(/) ≡ "O(/ , [(C,<]) (with O = C or <), we set

KO([(C,<], ( , / , ') = 5O 1ΓO ["O(/) − "O(()], (3.37)

where 5O and ΓO can be agent dependent.
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In App. A.5, we perform the linear stability analysis of the homoge-
neous state. As expected, in the frustrated two-population system, un-
stable modes can display temporal oscillations. However, these oscil-
lations may stop when nonlinear terms become relevant, and the sys-
tem may end up in a stationary phase separation (similar to classical
demixing in equilibrium systems), as displayed in Fig. 3.6(a). Recipro-
cally, non-oscillating growing modes at the linear level may give rise
to propagating structures and waves when nonlinearities become im-
portant, as shown in Fig. 3.6(b) (see Supplementary Material in [155]).
In our system, and at odds with recent work [153, 154], the oscillatory
nature of the non-homogeneous steady state cannot be predicted from
a simple linear stability analysis about the homogeneous solution.

A thorough analysis of the emerging behaviors in the multi-
population systemwould require more work, beyond the scope of the
present work. Still, it is remarkable that, here as well, the linear stabil-
ity analysis in the case of local jumps yields exactly the same instability
conditions as the nonlocal dynamics ones (see results of Appendices
A.5 and A.6). As a consequence, we expect that some results of the
recent works [153, 154] should be relevant, to some extent, to describe
our multi-population system.

Housing market
A common and reasonable criticism of the kind of model developed
here is that, while the perceived density may be a significant factor in
the decisionmaking process of agents, the price of a house should also
necessarily be taken into account. Indeed, in classical economics, the
market is usually considered to be the mechanism through which the
optimal allocation of goods and assets occurs (despite some contra-
dicting empirical evidence e.g. [41]). As a result, one could rightfully
argue that a housing market is necessary to ensure that agents even-
tually reach a steady state where their utility is maximal, at odds with
what we have observed in the condensed phase.

Incorporating pricing in the model is not trivial, however, and there
are a number of ways in which this could be done. A common ap-
proach in the modeling of socioeconomic systems is to introduce an
agent-dependent budget and to constrain agents’moves based on such
budget, as done in [86] for example. Realistically, this budget should
then be heterogeneous among the agents (e.g. Pareto distributed for
instance). While relevant and interesting, this agent-specific depen-
dence as well as its formulation as a hard constraint would require
a different modeling approach, and is unlikely to be tractable analyt-
ically. The alternative that we take here is to consider that if a given
move leads to excess costs for an agent, its utility would decrease. We
may then conveniently stay within the modeling framework of our
model and assume that such a price field / is an increasing function
of the smoothed density field (, such that houses are more expensive
in dense neighborhoods– or in other words: prices are driven by de-
mand only. In its most general form, we propose the price-adjusted
utility

"̄(() = "(() − ") [/(()], (3.38)

where ") is the price penalty, assumed to be an increasing function
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of the price, and therefore, of the density (. This penalty is then, by
construction, expected to drive the system away from condensation.

For concreteness, one can consider the example of a linear penalty
term on the utility function , and that the price grows linearly with
the local (smoothed) density, such that:

"̄(() = "(() − #(, (3.39)

with # > 0. Interestingly, introducing such a coupling boils down to
introducing a pair-wise repulsive interaction between agents. The con-
dition to observe condensation is then shifted by #, and reads explic-
itly

2'0(1 − '0)
1 ′
Γ

(0)

1Γ(0)
("′('0) − #) > 1. (3.40)

Clearly, condensation cannot occur anymore if the price penalty on the
utility is too important.

This example therefore illustrates that it is indeed possible for an ap-
propriate housingmarket to destroy the condensation observed in our
continuous model. However, it is important to note that the outcome
(without the price penalty) for agents is not necessarily improved by
this brutal homogenization through the price field. Besides, it can
be argued that the effect of price should not be as trivial as a utility
penalty. In fact, other models have used price as a proxy for social
status, in which case agents are actually more attracted by the most
expensive site they can afford [86]. In App. A.7 we also consider the
case of a more complex price field dependence. This actually led to
performing a comprehensive study of housing price correlations in
empirical data and the careful construction of an adequate pricing dy-
namics, which is presented in chapter 4.

3.6. Discussion
Let us summarize what we have achieved in this chapter. We have
introduced a neighborhood-less extension of the Sakoda-Schelling
model for the occupation of a lattice representing a city. In this ver-
sion of the model, the agents attempt to maximize a utility that is a
function of their perceived local density, and are most satisfied when
they are located in a site where such density is of an intermediate
value, i.e. neither empty nor too crowded. Having that agents only
consider their own site dependent utility, and that their utility is non-
linear, drives the system out of equilibrium. As a result, the system
can no longer be studied by constructing a free energy directly from
an aggregate system-wide utility function, as was done by Grauwin
et al. [39] for agents inhabiting predefined neighborhoods or blocks
in which the utility is identical for all. Using numerical simulations
as well as a mean-field description of the nonequilibrium dynamics,
we have established that the apparent disparity between micromotives
and macrobehaviors initially observed by Schelling [14] is robust to the
absence of neighborhoods and to the out-of-equilibrium nature of our
extension. Interestingly, we find that the transition between the fully
homogeneous state and the phase-separated one likely belongs to the
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2D Ising universality class, a debated topic in the active matter liter-
ature regarding the very similar Motility Induced Phase Separation
(MIPS) phenomenon. Taking advantage of the similarity between our
problem and the Active Model B (describing MIPS), we predict the lo-
cal density in the bulk of the concentrated phase, confirming that the
majority of agents find themselves in a sub-optimal situations with a
perceived density exceeding the ideal value.

While seemingly technical, the fact that the original observations of
Schelling is robust to out-of-equilibrium dynamics actually carries far
reaching consequences, in our opinion. Indeed, as discussed in Sec. 2,
equilibrium descriptions of socioeconomic problems require the deci-
sion rule 1Γ(/) to be the “logit” function. This very specific choice is a
common source of criticism, as any results are then a priori uncertain
to hold for other decision rules. Here, on the other hand, our out-of-
equilibriumdescription presents no such restriction, as all calculations
have been written as generally as possible and, interestingly, turn out
to only depend on 1Γ(0) and 1 ′

Γ
(0). While the numerical results pre-

sented here are those using the classical choice of the logit function
for lack of a more plausible decision rule, one could readily adapt the
outcomes following behavioral evidence that another function ismore
appropriate, andwe expect the entire phenomenology of ourmodel to
hold for any other sigmoid function. More generally, we believe that
this robustness to other decision rules holds for a large number of so-
cioeconomic models that have been described using the methods of
statistical physics [109, 156, 157, 158, 159]. Of course, subtleties around
the dynamics, such as the relaxation time towards the steady state or
the coarsening dynamics discussed here, will inherently be affected
by the specific choice that governs transition rates. This being said, we
have observed a remarkable similarity in the local and non-local ver-
sions of our model for which the dynamics are yet qualitatively very
different. It is therefore possible that there also exists some degree of
universality in the dynamical behavior of different decision rules, at
least at the mean-field level.

Going back to the Sakoda-Schelling model, we have also introduced
some generalizations that we believe are natural and relevant. First,
the introduction of different sub-populations is interesting, as the ex-
hibited dynamical patterns are impossible to observe in an equilib-
rium version of the model. Second, we have seen that introducing a
linear dependence of the price on the density has the effect of delaying
the transition, eventually killing it off completely if the price penalty
in the utility function is strong enough. As previously stated, however,
thismechanism remains very simple. In order to determinemore plau-
sible effects of a housing market, a thorough analysis of real estate
transactions appears to be a promising avenue, in particular given the
increasing availability of open datasets in this area in major European
cities. The extensive study of French data presented in the next chap-
ter, will allow us to couple this continuous Sakoda-Schelling model
with a plausible housing market model in the last chapter of this part
of the thesis. Note finally that the recent preprint by Seara et al. [92]
revisits the problem of urban segregation in the United States and pro-
poses a two-population model very similar to ours. Studying the va-
lidity of hydrodynamic descriptions of the two-population problem
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using the census data brought forth in this chapter appears to be an
important perspective. Such a comparison could notably be necessary
to highlight the role of ingredients not taken into account in existing
models – such as public policy and economic inequalities – in the emer-
gence of strong geographic disparities.
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Key Takeaways

1. Out-of-equilibrium Robustness: Removing fixed neighbor-
hoods and permitting nonlinear, site-specific utilities drives
the system out of equilibrium, yet the classic Schelling result—
micromotives generating unexpected macro-segregation—
remains intact.
2. Ising-Class Transition: The shift from a homogeneous to
a phase-separated state in our neighborhood-less model falls
into the 2D Ising universality class, linking social segregation
to broader active-matter phenomena like MIPS.
3. Minimal Decision-Rule Dependence: Unlike equilibrium
analyses that require a logit transition function, our mean-field
theory depends only on 1Γ(0) and 1 ′

Γ
(0), implying full phe-

nomenological robustness across a vast class of decision rules.
4. Extensions and Heterogeneity: Introducing several subpop-
ulations enriches the system’s dynamics, and incorporating a
density-dependent price term recovers a similar condensation
criterion as in the simpler model—further contradicting the
“invisible-hand” paradigm.



The diffusive nature of housing
prices 4.

Ils se turent. La route plate, bordée de peupliers, étirait
devant eux un fragment du libre univers. L’aventurier de
la puissance et l’aventurier du savoir marchaient côte à
côte.
L’OEuvre au noir-Marguerite Yourcenar, 1968.

This chapter is taken from Becharat, Benzaquen, and Bouchaud (2025)
[2] Diffusive Nature of Housing Prices, The figures and accompanying
text have been lightly adapted to suit the context of this thesis, and a
new section now couples the price equation to the preceding Sakoda–
Schelling analysis. The original publication was written under the su-
pervision of M. Benzaquen and J.-P. Bouchaud.

4.1. Introduction
Complex spatial patterns often result from a subtle interplay between
random forcing and diffusion, like for example surface growth [160] or
fluid turbulence [161]. One can also expect such competition between
heterogeneities and diffusion to take place in socio-economic contexts.
For example, word of mouth leads to spreading of information or of
opinions. Provided the spreading mechanism is local enough (i.e. be-
fore the advent of social media), the large scale description of such
phenomena is provided by the diffusion equation that leads to specific
predictions for the long-range nature of spatial correlations of voting
patterns, which seems to be validated by the analysis of empirical data
[88, 162, 163].

One may argue that housing prices should display similar patterns.
Indeed, it is intuitively clear that the price of real estate in a given
district is affected, among many other factors, by the price of the sur-
rounding districts, through a sheer proximity effect. This is enough
to generate a diffusion term in any coarse-grained description of the
spatio-temporal evolution of prices – see below and Appendix (B.1)
for more precise statements. The aim of this work is to present such
a phenomenological description of the dynamics of the price field in
a given region of space, and to compare analytical prediction to em-
pirical data using spatially resolved transaction prices in France for
the period 1970 to 2022 – see Fig. 4.1 for a visual representation of the
price field that motivates our analysis. We will find what we consider
to be rather remarkable agreement with theory, in view of the min-
imal amount of modeling ingredients. In particular, the logarithmic
dependence of spatial correlations, characteristic of two-dimensional
diffusion, is clearly visible in the data at all scales (see Fig. 4.3 below).
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lations was noticed in [171], their analysis did not provide any theo-
retical framework to elucidate the origin of these correlations. In par-
ticular, no mention was made of their long-range character, let alone
of their specific logarithmic dependence that we establish empirically
and justify theoretically in the following. Other socio-economic vari-
ables are known to be long-range correlated [162], with far-reaching
consequences on the statistical significance of many results in spatial
economics, as forcefully argued in [172].

4.2. Model description

Introducing a stochastic differential equation
Our theoretical framework aims atmodeling the dynamics of the hous-
ing price field in a similar spirit as for the dynamics of opinions or
intentions [173, 174, 88, 175], or of criminal activities [176]. We intro-
duce a two-dimensional field /(r, ') which represents the deviation
from the (possibly time dependent) mean of the log-price of housing
around point r at time '. We then posit that such a field evolves in time
according to the following stochastic partial differential equation

%/(r, ')
%'

= !∆/(r, ') − 6/(r, ') + *(r, ') + 1(r), (4.1)

where ∆ is the Laplacian operator, ! a diffusion coefficient, 6 a mean-
reversion coefficient,*(r, ') a Langevin noisewith zeromean and short
range time and space correlations, and 1(r) a static random field with
zeromean and short range correlations. The correlators of these terms
are assumed to be of the following type:

〈
*(r, ')*(r′, '′)

〉
=

C2

$>2
:−|'−'

′|/$ 0>(|r − r′|);

〈1(r)1(r′)〉 =
Σ

2

>2
0>(|r − r′|), (4.2)

where 0>(D) is a bell-shaped function that decays over length scale >,
such that 22

∫
D>0

0>(D)DdD = >2. Note that in terms of dimensions,
[C2] = [!] = [&2$−1], [6] = [$−1] and [Σ] = [&$−1].

The four different terms of Eq. (4.1) capture the following features: (i)
the diffusion term describes the proximity effect alluded to in the in-
troduction and documented in Refs. [169, 87]: pricey districts tend to
progressively gentrify; conversely, rundown districts lower the mar-
ket value of their surroundings. (A more technical version of this ar-
gument is given in Appendix (B.1)). (ii) The mean-reversion term can
be seen as a coupling between local log-prices and the mean log-price,
here set to zero, and can be thought of as the result of long-range eco-
nomic forces that keep prices within a country more or less in sync
through the effect of e.g. migrations, policies or wealth inequalities.
(iii) The time-dependent noise term * models all idiosyncratic shocks
affecting the “hedonic” variables determining the price of properties
– for example the creation of a local metro or train station, of a pedes-
trian zone, or adverse shocks like increase in local crime, floods, etc.
The impact of such shocks is often drawn out in time, so we assume
* to be auto-correlated with a decay time $, in line with the observa-
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tions reported in [87]. (iv) The time-independent stochastic term 1 is
meant to represent persistent biases in the local quality of life in differ-
ent regions, due to e.g. geographical features (close to the sea-shore, or
to river banks, etc.). For simplicity, We have assumed that the spatial
correlation lengths of both * and 1 are equal to the same value >.

Now, Eq. (4.1) makes detailed predictions for the spatial and tem-
poral correlations of the field /(r, '). To wit, the spatial variogram
V(ℓ , 0) := 〈(/(r, ') − /(r′, '))2〉|r−r′|=ℓ can be explicitly computed in
the range max(> ,

√
!$) ) ℓ ) ℓ★ (where ℓ★ :=

√
!/6), as we will

show in the next section.

Computing the spatial variogram
Let us consider again Eq. (4.1) and Eq. (4.2). For the rest of the calcula-
tions we assume

|r − r
′|= ℓ / > , =⇒ 1

>2
0>(|r − r

′|) ≈ ,(|r − r
′|).

Moreover, the space–time correlation function can be written as

C(|r − r
′| , |' − '′|) = 〈/(r, ')/(r′, '′)〉

=

∫∫
:−+k·r− +k′·r′ 〈/k(')/k′('

′)〉 dk

(22)2

dk
′

(22)2
.

(4.3)

Here /k(') satisfies, in Fourier space,

%/k(')

%'
= −(! |k|2+6)/k(') + *k(') + 1k , (4.4)

whose formal solution is

/k(') = /k(0) :− (!|k|2+6) ' +

∫ '

0

:− (!|k|2+6) ('−))[*k()) + 1k]d). (4.5)

Because of the two fields * and 1 - assumed to be independent - we
will separate the calculation for the correlation function into two con-
tributions. In the long time limit, the first contribution in Fourier space,
coming from field *, is:

∫ '

0

∫ '′

0

6'16'2:
−(!k

2+6)('−'1)−(!k
′2+6)('′−'2)〈*k('1)*k′('2)〉, (4.6)

leading to:

C2(22)2

$

∫ '

0

∫ '′

0

6'16'2:
−(!k

2+6)('−'1)−(!k
′2+6)('′−'2):−

| '1−'2 |
$ ,(k + k

′).

(4.7)
We find, in the long time limit, that the integral yields in Fourier space:

C2(22)2

2$

[
:−(!k

2+6)|'′−'|

2(!k2 + 6)(!k2 + 6 + 1
$ )

+
:−

| '−'′|
$

(!k2 + 6)2 − 1
$2

− :−(!k
2+6)|'′−'|

2(!k2 + 6)(!k2 + 6 − 1
$ )

]
.

(4.8)
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This can be condensed as:

C2(22)2

2$((!k2 + 6)2 − 1
$2 )

[
:−

| '−'′|
$ − :−(!k

2+6)|'′−'|

$(!k2 + 6)

]
. (4.9)

Similarly, we can compute the contribution for the correlation function
coming from field 1(r):

(22)2
Σ

2

∫ '

0

∫ '′

0

6'16'2:
−(!k

2+6)('−'1)−(!k
′2+6)('′−'2),(k + k

′). (4.10)

This yields, in the long time limit:

(22)2
Σ

2

(!k2 + 6)2
. (4.11)

We come back to the first contribution (coming from field *) in Fourier
space for the space time correlation function:

C2(22)2

2$((!k2 + 6)2 − 1
$2 )

[
:−

| '−'′|
$ − :−(!k

2+6)|'′−'|

$(!k2 + 6)

]
. (4.12)

Wenow focus on the static behavior of this term, hence imposing ' = '′.
This yields:

C2(22)2

2$((!k2 + 6)2 − 1
$2 )

[
1 − 1

$(!k2 + 6)

]
. (4.13)

Using notations |k|= -, k.(r − r
′) = -ℓ cos($) and notation C* to de-

scribe the contribution from * to the correlation function, it comes in
polar coordinates:

C*(ℓ , 0) =
C2

2$(22)2

∫
6-

∫
6$:−+-ℓ cos($) -

((!-2 + 6)2 − 1
$2 )

[
1 − 1

$(!-2 + 6)

]
.

(4.14)
The integral is defined for 1/ℓ ∗ ) - ) 1/>, which ensures that
!-2 / !

ℓ ∗2 = 6. We can hence neglect the mean-reversion term in the
computation.Moreover, we can neglect!2-4 in favor of 1

$2 if!-2 < 1
$ ,

hence if ℓ >
√
!$. This is typically the regime that we consider for this

study, since we estimate (see in the main text)
√
!$ ≈ 13 km, so we

assume here that this term is negligible. Finally, we can identify the
Bessel function

1

22

∫22

0

6$: +-ℓ cos($) = E0(-ℓ) = E0(−-ℓ), (4.15)

so:

C*(ℓ , 0) ≈ C2

42

∫1/>

1/ℓ ∗
6-

E0(-ℓ)

!-
. (4.16)

The Bessel function can be expanded for -ℓ −→ 0, and yields E0(-ℓ) ≈
1−ℓ2-2/4+P(-4ℓ4). Moreover, the Bessel function decays to zerowhen
-ℓ / 1, concentrating the integral towards its lower bound. This gives,
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up to constant contributions:

C*(ℓ , 0) ≈ − C2

42!
log

ℓ

ℓ ∗
+ 8(ℓ) (4.17)

with correction term 8(ℓ). Similarly, we can compute the contribution
from field 1:

C1(ℓ , 0) =
Σ

2

22!2

∫1/>

1/ℓ ∗
6-

E0(-ℓ)

-3
=

Σ
2

22!2
ℓ2

∫ ℓ/>

ℓ/ℓ ∗
6"

E0(")

"3
. (4.18)

In order to have a non-constant contribution here, we must go to the
second order in the expansion of the Bessel function towards the lower
bound of the integral. This yields:

C1(ℓ , 0) ≈ Σ
2

22!2
ℓ2

∫ ℓ/>

ℓ/ℓ ∗
6"

1 − "2

4

"3
, (4.19)

which finally yields, up to constant terms:

C1(ℓ , 0) ≈ Σ
2

82!2
ℓ2 log

ℓ

ℓ ∗
+ 8′(ℓ) (4.20)

with correction 8′(ℓ). Furthermore, the variogram is defined as
V(ℓ , 0) = 2〈/(r, 0)2〉 − 2C(ℓ , 0). Hence, summing both contributions
yields:

V(ℓ , 0) ≈ C2

22!
log

ℓ

ℓ ∗
− Σ

2

42!2
ℓ2 log

ℓ

ℓ ∗
+ B , (4.21)

where B is a constant.

Note that the first term is the familiar logarithmic correlation of the
Gaussian free-field in two dimensions, see e.g. [177]. For ℓ " ℓ★, the
variogram reaches a plateau value.

Similarly, the temporal variogram V(0, )) := 〈(/(r, ') − /(r, ' + )))2〉
can be computed, but the final expression is cumbersome anddepends
on the relative position of three time scales: 6−1, the correlation time$
and the typical diffusion time Q = >2/! over length scale >, see (B.2).
There are typically four regimes, a short time regime where V(0, )) ∝
)2 that reads

V(0, )) =
C2

162!
log

(
1 + $

Q

1 + 6$

)
)2

$2
, ) ) $ , Q (4.22)

followed by two intermediate regimeswhereV(0, )) ∝ ) and log ), and
finally a saturated regime for 6) / 1.

In the next sections, we will compare these predictions to empirical
data, with good overall agreement. We will find that the spatial vari-
ogram is well described by a pure logarithm, i.e. the first term of Eq.
(4.21) – this allows us to determine the ratioC2/!.With the samevalue
of C2/!, we then fit the temporal variogram with reasonable values
of $ and Q.
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1: For the specific case of the hous-
ing market. Other socio-economic indi-
cators cover an even longer time span.
We in fact found similar logarithmic cor-
relations for, e.g., the alphabetization
rate in France.
2: The housing market data compiled
by [164] for the years 2014-2022 comes
from the DVF database, and is averaged
per communes.

4.3. Comparison with empirical data
We conducted extensive empirical analyses based on two data sources.
The first one is accessible online via the DVF (Demande de Valeur
Foncière) website, and displays every housing market transaction in
France between 2018 and 2022. This data include the price of the prop-
erty, its surface and its spatial coordinates. This allows us to study both
transaction prices and prices per square meter, up to the granularity
of a given point in space. The second data source comes from [164],
where the authors compiled a wealth of socio-economic indicators,
spanning from 1970 to 2022 1 , including housing market prices, but
the dataset only contains average transaction prices per communes in
France up to 2022 and average prices per square meter per communes
from 2014 to 2022. 2 Even though the latter data source is much less
granular than the DVF dataset, its time span of 52 years allows us to
investigate the temporal variogram of prices, and so this is the data we
focus on in the main text. (The DVF data only span 5 years, which will
turn out to be of the same order ofmagnitude as the correlation time$
of the noise). For empirical findings on prices per square meters from
DVF, which are fully consistent with those established for transaction
price, see Appendix (B.4).

We first show a color map of transaction log-prices ) := log % across
France in Figure (4.1), sourced from [164], to compare the spatial dis-
tribution of prices in France over the past five decades, a key aspect
of our investigation. Indeed, one can see that the price distribution in
France is far from uniform, and reveals spatial diffusion around big
cities, coastal regions or ski resorts.

Then, it is interesting to study the distribution of individual transac-
tion log-prices ), unconditionally over the whole of France. Using the
DVF data base, we find that the distribution of prices has a double
hump shape, probably reflecting the superposition of two different
price distributions for cities and for the countryside, see Fig. B.1. We
show in Fig. 2 of the Appendix (B.4), a comparison between the distri-
bution of prices in the département of la Creuse (chosen to represent a
typical countryside district) and in Paris, highlighting the mixture of
two distributions seen in the global price distribution for the whole of
France. The tail of the distribution of the transaction prices decays as
%−1−- with- ≈ 1.5, implying that the variance of the transaction prices
is mathematically infinite. This should be compared to the Pareto tail
of the wealth distribution in France, which decays with a similar expo-
nent [178]. The distribution of prices per square meters does not have
the same shape, but has again a similar power-law tail, as shown in
(B.4).

Static analysis
We now shift our focus to the spatial correlations of the logarithm
of prices, which we characterize by the equal-time variogram V(ℓ , 0)

defined above. The square-root of this quantity measures how differ-
ent the (log-)prices are when considering two properties a distance ℓ
away.

In order to determine the order of magnitude of the diffusion constant
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3: Here, we revert to the notation ! for
the intensity-of-choice parameter.

where
1!(/) =

1

1 + :−!/

is the logit transition rate, "(') is the agents’ utility and *′(A, ') is a
stochastic space-time dependent noise. Here 1!(0) and 1 ′!(0) act like
effective diffusion coefficients, evaluated at zero argument and its
derivative with respect to the intensity of choice parameter ! 3 .

To close the system, we assume a linear coupling of the form

F['] = "(' − '̄(A)) ,

where '̄(A) is a local density threshold abovewhich prices cease rising.
Thus (4.23) becomes

%'/ = ! ∆/ + "['(A, ') − '̄(A)] − 6/ + *(A, ') . (4.25)

In the noise‐free, steady‐state limit without diffusion we recover

/ =
"

6
[' − '̄(A)],

in agreement with the linear density-price coupling assumptionmade
in chapter (3).

Putting everything together yields the coupled evolution system{
%'/(A, ') = ! ∆/ + "['(A, ') − '̄(A)] − 6/(A, ') + *,

%''(A, ') = 1!(0) ∆' − 2 1 ′!(0)∇['(1 − ')∇("(') − &/)] + *′ .
(4.26)

Here "(') = |' − '∗|2 and we have added a price penalty −&/ to the
utility, as agents will not want to live in neighborhoods where prices
are too high, with & measuring housing‐market elasticity.

Stability analysis
To test whether introducing / can restore the “invisible hand,” we lin-
earize (4.26) around the homogeneous state (/0 , '0), writing

/(A, ') = /0 + ,/, '(A, ') = '0 + ,',

and expand the nonlinear term as

∇['(1 − ')∇"(')] ≈ '0(1 − '0) "′('0) ∆,'.

Transforming to Fourier space and carrying out the calculation de-
tailed in Appendix (B.6), we obtain, for a particular choice of parame-
ters, the stability criterion (spinodal curve, in the ('0, !) plane)

! <
2 1!(0)

'0(1 − '0)("′('0) − "&
6 )

.

This analytic result was derived by fixing all parameters except ! and
'0.We thenperformed a suite of numerical simulations inwhich ! and
'0 were varied freely to map out both the spinodal (stability bound-
ary) and the binodal (coexistence curve). Notably, when the coupling
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gested in [175]. Lastly, we demonstrate that integrating the Sakoda–
Schelling segregation dynamics with the housing‐market diffusion
equation still produces condensation, once again contradicting Adam
Smith’s notion of the “invisible hand.”
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Key Takeaways

1. Logarithmic Spatial Variograms: Empirical variograms
of French housing prices grow as log ℓ , a hallmark of
two‐dimensional diffusion under white noise, rather than the
exponential decay one would obtain from a ballistic propaga-
tion model.
2. Unified Spatio-Temporal Model: A single diffusion equation
(Eq. (4.1)) captures both the logarithmic spatial correlations and
the temporal price fluctuations, provided shocks persist on a
characteristic timescale of about three years.
3. Heterogeneous Shock Amplitudes: The magnitude of price-
shock noise varies substantially across space, reflecting locally
diverse market conditions and reinforcing the need for spatially
resolved modelling.
4. Diffusion Constant Estimation: An impulse‐response anal-
ysis yields a diffusion coefficient of the correct order of magni-
tude, validating our stylized framework against real‐world data.
5. Policy and Investment Implications: By quantifying how
prices diffuse—e.g. after a new transport link—our model pro-
vides actionable insights for land‐use planning, territorial devel-
opment, and real estate strategies.
6. Persistent Condensation under Coupling: Even when the
Sakoda–Schellingmodel is coupled to a housingmarket, the sys-
tem continues to condense into suboptimal clusters, refuting the
idea that decentralized interactions necessarily yield efficient,
self‐regulating outcomes.



PART II: FROM AGENT-BASED MODELS TO
MINIMAL DISEQUILIBRIUM MODELS



An out-of-equilibrium
agent-based model of the labor

market 5.
Quoi qu’il arrive n’oublie jamais ceci : notre existence
s’écoule en quelques jours. Elle passe comme le vent du
désert. Aussi, tant qu’il te restera un souffle de vie, il y a
deux jours dont il ne faudra jamais t’inquiéter : le jour
qui n’est pas venu, et celui qui est passé.
Avicenne ou La Route d’Ispahan—Gilbert Sinoué,
1989.

This chapter is a collaborative effort with J. Moran, R.M. del Rio-
Chanona and J.D. Farmer. The drafting of the manuscript was carried
out in collaboration with the co-authors.

5.1. Introduction
This chapter advances a near–zero-intelligence, out-of-equilibrium
model that reproduces the Beveridge curve, offering an alternative
to the canonical equilibrium-with-rational-agents paradigm outlined
in the introduction. By situating the analysis within complexity-
economics perspectives—where disequilibrium and bounded ratio-
nality are essential for dynamic phenomena [52, 53, 16]—we build on
evidence that off-steady-state adjustments shape the curve [54]. Ex-
tending earlier agent-based approaches that incorporate bounded ra-
tionality [55] and network effects [56, 57], we show how such a frame-
work can account for labor-market behavior over the business cycle.

This chapter is organized as follows. Section (5.2) surveys the labor-
market literature, focusing on the Diamond–Mortensen–Pissarides
paradigm and the agent-based model of [57]. Section (5.3) derives the
aggregate dynamics of that agent-based framework. Section (5.4) then
proposes a parsimonious reduced-form specification—with a Cobb–
Douglasmatching function—to identify theminimalmechanisms that
reproduce the Beveridge cycle. Finally, Section (5.5) tests the model’s
predictions against data from several OECD economies, including the
United States.

5.2. Literature review
Webegin by recapping the canonical Diamond–Mortensen–Pissarides
(DMP) model introduced earlier, then describe the agent-based labor-
market framework of [57] that underpins our subsequent analysis.
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1: Finding an unfilled vacancy is how-
ever not a guarantee of being hired:
firmswill only consider candidates with
a productivity above a certain thresh-
old (applications from workers with
low productivity are rejected). Similarly,
workers may have a reservation wage
which would lead them to reject certain
offers. Specifying the details of these
considerations then allows the modeler
to determine the matching function ..

The Diamond-Mortensen-Pissarides framework
A cornerstone of the search and matching models of labor markets
is the Diamond-Mortensen-Pissarides (DMP) framework (see [18, 19,
20]), which models the dynamics of unemployment and vacancies by
describing how firms post vacancies, how employed workers become
separated from their job and how unemployed workers are matched
with a job.

In that framework, the differential equation for unemployment is
generically written as

6"

6'
= J(1 − "(')) − .("('), ;(')), (5.1)

where "(') and ;(') are the unemployment and vacancy rates, J is the
state-independent separation rate, and . is a matching function that
determines the rate at which many unemployed workers are matched
with vacancies.

The matching function is usually assumed to be increasing and con-
cave with respect to " and ; (indicating intuitively that the number
of matches per unit time increases with the number of unemployed
people and the number of vacancies) and is also assumed to have con-
stant returns to scale with respect to " and ; [180] (meaning that it
satisfies .(&" ,&;) = &.(" , ;) for any &). Therefore, the probability
that a worker is matched with a vacancy 1 is .(" , ;)/" = .(1, $),
where $ = ;/" is the labor market tightness.

The equilibrium level of labor market tightness, denoted $∗, depends
on the profitmaximization strategies of both firms andworkers. A piv-
otal assumption in this context is the free entry condition, indicating
that any vacancy created will be filled and that firms continue to post
vacancies as long as the expected payoff for hiring workers remains
positive.

Implicitly, this assumes that firms are not only rational enough to com-
pute the expected payoff, but that they have enough information to do
so accurately. Other standard assumptions include a well-determined
interest rate, known to all firms, that determines the arbitrage between
current costs and anticipated future profits. Firms are assumed to have
perfect knowledge of their expected future profits, as outlined by [18].
This results in dynamics for vacancies inwhich the only non-divergent
solution implies that vacancies are consistently adjusted to maintain a
constant market tightness, since firms have perfect foresight and have
all access to the same information. This lets them act in perfect coor-
dination in a way that achieves the optimal tightness ratio. The conse-
quence of all of this is that firms observe the unemployment rate and
post vacancies that satisfy

; = $̄" , (5.2)

establishing the unique perfect-foresight adjustment path.

The equilibrium reached, corresponding to the stationary state where
6"
6' is equal to zero, has characteristics that may shift due to economic
shocks, but classical models presume that the systemmoves from one
equilibrium point to another without considering out-of-equilibrium
effects.
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2: Because $̄ measures the number of
vacancies per job seeker, an increase in
$̄ makes it easier to find and apply to
a vacancy, and therefore increases the
matching efficiency.

3: In particular, 6"
6' is a function of .

which is itself a function of $̄. This en-
sures that the 6"

6' = 0 curve moves after
an output shock.

Separation of timescales

The DMP framework implicitly models the labor market with differ-
ent timescales. The firms decide on their vacancies based on the unem-
ployment level and do the necessary arbitrage to reach equilibrium at
a fast timescale, which allows vacancies to be adjusted quickly enough
to ensure that ;(') = $̄"(') at all times. The constant value of $̄ is
maintained through optimization by firms who are constrained by ex-
ogenous parameters, such as workers’ bargaining power, their reser-
vation wages, the productivity distribution and interest rates, in the
absence of structural changes. The exogenous parameters that affect
$ change on a timescale that is assumed to be slow compared to the
time it takes for vacancies and unemployment to reach equilibrium.

This separation of timescales is crucial for the explanations of the Bev-
eridge curve cycle put forth by [18]. This curve represents points on
the (" , ;) plane, and it is called a cycle because during business cy-
cles (that is, periods duringwhich the economic environment changes
cyclically over periods of the order of 3 − 12 years) the labor market
has a trajectory that appears as an anti-clockwise loop on that plane.
In this interpretation, each point on the Beveridge curve is at the inter-
section of the ; = $̄" curve and the curve corresponding to 6"

6' = 0, as
shown in Figure 5.1.

The emergence of the anti-clockwise cycle is explained by the follow-
ing thought experiment. Starting from a given point (R1) with an as-
sociated value of $̄ = $̄0, imagine a positive output shock causing
$̄1 > $̄0.2 These changes shift the position of the two curves defin-
ing the stationary equilibrium, ; = $̄" and 6"

6' = 0 3 . Because of the
increase in $̄, the stable trajectory line ; = $̄" shifts to the left and
the locus d"

d' = 0 shifts inwards, setting a new stationary point for the
labor market in the (" , ;) plane (R2), as shown in Figure 5.1. Because
vacancies instantaneously adapt to output shocks, the economy first
reaches the new ; = $̄" curve, then relaxes along this curve towards
R2. Now, assume that there is a negative output shock of the same
magnitude as the previous one. Following the same process, the econ-
omy will reach the new stable trajectory line ; = $̄", which is exactly
the same as the original one, and then relax towards its intersection
with the new locus d"

d' = 0, which is also the same as the original one
(R1). This is explained in detail by [18].

The argument made in the DMP framework is that, because shocks
happen on a slow timescale relative to the speed for reaching the equi-
librium between vacancies and unemployment, the labor market re-
acts very quickly and immediately adjusts to the new stationary point.
The whole argument can be extended to obtain a Beveridge cycle
curve during boom-bust cycles. Thus, the frictions of the job market
that create the cycle are implicitly hidden in the dependence of the
solutions of the equation 6"

6' = 0 on the parameters governing the job
market, in particular the matching function. Parameters such as the
matching function’s elasticities, vacancy posting costs, and bargaining
power are difficult to pin down empirically due to a combination of a
lack of directly observable data and identification challenges, thereby
limiting the predictive power of the DMP model.
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4: Meaning a shock that has the same
impact on all occupations, which is also
the case for the results presented later
in this work when studying the agent-
based model at the aggregate level.

5: In general, workers cannot immedi-
ately transition to any occupation,which
is already in contradiction with the ar-
guments presented in the DMP frame-
work.

there should be no phase lag between unemployment and vacancies;
they should always remain maximally anti-correlated.

Shortcomings of the DMP framework

Recent studies, such as [74], challenge the arguments of [181]. After
calibrating his model on French labor market data, [74] determines a
half-life of 10 months after a symmetric shock4 which is of the same
order of magnitude as our own result. Our work here supports the
conclusion that the relative timescale is much longer than a month.
[74] finds that the half-life for non-symmetric shocks, i.e. those that
target some occupations more than others, can be up to 150 months,
an order of magnitude bigger than that of symmetric shocks, which
further challenges the results of [181].

Moreover, the DMP framework does not take into account the labor
network. A worker who is unemployed and has the skills required for
job + needs time to acquire the skills needed to convert to a new job
, 5 . This creates frictions in the labor market and leads to a slower
theoretical convergence time scale which depends on the ease with
which workers can transition from one occupation to the next. Intu-
itively, this means that the presence of occupational bottlenecks pre-
vents the economy from settling into a new stationary state quickly
after a shock. Formally, this can be related to the spectral properties
of the transition network of the occupational mobility network. As dis-
cussed in more detail in the next sections, the conclusions are in good
agreement with the work of [74].

A detailed empirical study of the properties of the occupational tran-
sition matrix of the French labor market was also carried out in [76].
This matrix C+ , is defined by the fraction of workers in occupation +

that transitioned to ,. If the job market was close to a stationary state,
one would expect the number :+ of workers in occupation , to satisfy∑

, :+C+ , =
∑

, : ,C ,+ , so that the number of workers leaving occupation
, matches the number of workers entering that occupation.

Solving for the values of :+ satisfying this equation leads to the implied
stationary number of workers :∗

+
. If the labor market was close to its

stationary state, as is often assumed, then the data should show :+ ≈
:∗
+
. [76] find however that this is not at all the case, and that nearly

all occupations have values that are significantly different from their
implied stationary values.

Agent-based models of labor markets
In contrast with the DMP framework defined previously, agent-based
models, particularly those in line with the framework started by [77],
have labor dynamics that are tied to firms’ adaptive expectations of
market demand, which determine their production targets.

In models that simulate economies out of equilibrium, the absence of
market coordination means that agents must make decisions without
full knowledge of the actions and intentions of other agents. These
decisions, whether rational or heuristic, are determined by backward
looking expectations rather than by equilibrium conditions imposed
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6: We note however that the same phe-
nomenology can be reproduced with
the Mark-0 model introduced by [37], a
fact that was pointed to us by the au-
thors of [79].

on the economy, such as market clearing or competition/no arbitrage
conditions that would align the actions of all the agents. After firms
have determined their production targets, they assess their labor lev-
els to determine if they are understaffed or overstaffed. This allows
them to adjust their workforce accordingly, firing excess employees if
overstaffed or hiring additional labor to meet production needs. This
process is not instantaneous and is subject to frictions that may arise
from delays inherent to the hiring/firing process, such as adminis-
trative hurdles or contractual obligations, or from limited availabil-
ity of workers in the hiring pool. Firms may also be reluctant to react
strongly to perceived temporary fluctuations: for example, a firm that
determines it has twice the amount of workers it needs may be reluc-
tant to fire half of its workforce if it perceives that a drop in demand,
and therefore a drop in its target production, will be only temporary.

This approach to labor dynamics aligns with the perspectives broadly
adopted in the agent-based modeling literature. In most of these mod-
els (for example, [29, 75, 80]) the hiring process is quite straightfor-
ward: firms select their hires directly from a pool of unemployed
workers, typicallywithout distinguishing between occupations. Other
models, such as [77], explicitly model the matching process to fill va-
cancies. As in the DMP framework, hiring becomes a multi-step pro-
cess where firm post a vacancies and unemployed workers apply for
jobs.

Although the features we describe above are prevalent inmanyABMs,
we focus in this section specifically on the model proposed by del Rio-
Chanona et al. [57], since it is the first to highlight the presence of a
Beveridge cycle within such a framework. (Its original purpose was to
study how changes in occupational demand could affect unemploy-
ment, but the Beveridge curve emerged as a side-effect). This model
integrates vacancy posting with a categorization of firms and work-
ers into different industries and occupations, offering a more granular
view of labor dynamics based on parsimonious assumptions. We pro-
vide a description of the model below and explain how it generates
Beveridge cycles.

Description of the model

In this model, workers have an occupation and may be employed or
unemployed at any given time. A worker goes from a state of being
employed to being unemployed when they become separated from
their job, something that happens at random. Unemployed workers
seek new jobs, but may only apply to jobs that correspond to their
skill set. The jobs available to a given worker are determined by an
occupational mobility network, which dictates the frequency with which
a worker may move from one occupation to another.6 This network
imposes transition rates, determining the probability C+ , with which
a worker initially in occupation + may apply to a job in occupation ,.
This is the only behavioral assumption in the model: for the sake of
simplicity, it neglects both geography and wage dynamics.

Each occupation + is described by its employment rate :+ ,' , its unem-
ployment rate "+ ,' and its vacancy rate ;+ ,' ; the latter is fully deter-
mined by firms. These rates are linked by the conservation equation
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7: In some cases, it may not be possible
for firms to reach their objectives simul-
taneously, leading to an economy with
endogenous fluctuations [75].

"+ ,' + :+ ,' = 1.

The model distinguishes two types of demand for occupational labor.
6+ ,' = :+ ,'+;+ ,' is the posted demand forworkers in occupation +, whereas
6†
+ ,'

is the target demand for workers, which is determined by expecta-
tions of future economic conditions.

This is meant to represent the mechanism through which firms adjust
their hiring targets in agent based models. Indeed, in such models a
firm 1 is able to attain a given level of productionS1 ,' that is a function
of its current capital, intermediate inputs, and, crucially, its current
workforce & 1 ,' . For example, if there is an increase in the demand for its
good or an increase in its production costs, firm + changes its produc-
tion target S†

+ ,'
, which requires a different target workforce, &†

+ ,'
. The

procedure throughwhich the firm computes its target production and
target workforce levels can be fully rational or can be obtained using
rules of thumb, but the common point in ABMs is that this procedure
is done with only partial information from the economy and without
full coordination between economic agents. As a consequence, there
is necessarily a lag between a firm’s target workforce 6†

+ ,'
and its actual

workforce 6+ ,' .7 The realized/target demands can thus be seen as the
aggregate demand from all firms for a given occupation.

Although most ABMs do not explicitly model vacancy dynamics, this
model explicitly models both vacancies and employment, while treat-
ing changes in labor demand as a phenomenological modeling of
firms’ decisions. The decisions they make impact hiring/firing rates
through the discrepancy between the realized demand 6+ ,' and the
target demand 6†

+ ,'
.

With this in mind, the basic dynamics of the model can be expressed
in the style of the DMP framework [18]. Here, the temporal evolution
of the unemployment rate, for instance, is determined solely by spon-
taneous separations and the formation of job matches, resulting in the
following equations:

:+ ,'+1 − :+ ,' = −5+ ,'+1 +
∑
,

1,+ ,'+1

"+ ,'+1 − "+ ,' = 5+ ,'+1 −
∑
,

1+ , ,'+1

;+ ,'+1 − ;+ ,' = .+ ,'+1 −
∑
,

1,+ ,'+1 ,

(5.4)

where 5+ ,'+1 represents the number of workers separated between '

and '+1, .+ ,'+1 denotes the number of vacancies created, and 1+ , ,'+1 is
the number of unemployed workers who previously worked in occu-
pation + and have been matched with a job in occupation ,. This corre-
sponds to the matching function term .(" , ;) in the DMP framework.
These equations also ensure the preservation of the total workforce,
&(') = :+ ,' + "+ ,' = cst.

To capture themechanism described above—where firms fire workers
when employment exceeds their target and hire when below it—we
specify the firing rate in our model as:
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5+ ,'+1 = ,":+ ,' + (1 − ,")#"

[
6+ ,' − 6†+ ,'

]+

. (5.5)

The first term, ,":+ ,' , represents spontaneous separations: any worker
can be firedwith probability ," . On average, this corresponds to ,"(1−
"+ ,') workers being fired per iteration, mirroring the J(1 − ") term in
[18]. The second term arises when the current number of positions 6+ ,'
exceeds the target 6†

+ ,'
. In that case, firms additionally lay offworkers at

a rate (1−,")#"

[
6+ ,' − 6†

+ ,'

]+

, where [·]+ = max(0, ·) ensures this term
only applies if the firm is above its employment target, and #" sets the
speed of adjustment. This can be viewed as a linear approximation,
valid when 6+ ,' − 6†

+ ,'
is sufficiently small.

Similarly, the number of vacancies is adjusted depending on how far
firms are below their hiring targets. A vacancy is added either through
a random spontaneous term, corresponding to a rate ,; , or because of
the discrepancy between realized and target demands. This leads to

.+ ,'+1 = ,;:+ ,' + (1 − ,;)#;

[
6†+ ,' − 6+ ,'

]+

. (5.6)

Unlike the DMP framework, vacancies here do not instantly adjust to
new macroeconomic conditions; instead, they evolve in time, just as
the employment does. Crucially, these equations imply that if firms
greatly overshoot their employment targets, their firing rate spikes –
but if the target later shifts quickly, it will take time to hire enough
workers to reach the new target.

Finally, in this model, 6†
+ ,'

(the target demand) is treated as exogenous.
It may be driven by macroeconomic shocks (such as booms and busts
or crises like the COVID-19 pandemic) or by technological shocks (e.g.,
automation reducing demand in certain occupations). We therefore
think of this model as the study of the labor market in isolation, re-
sponding to the rest of the economy and neglecting the feedback from
labor to the rest of the economy.

We impose a sinusoidal exogenous target demand to develop an in-
tuitive understanding of the model’s core mechanism. The sinusoidal
pattern is chosen to reflect typical business cycle frequencies observed
in the US.

Finally, the term 1+ , ,'+1 captures the matching process that describes
how unemployed workers get hired. In the model, unemployed work-
ers from occupation + submit applications to occupation , and are
hired with some probability. The total number of applications sent
from + to ,, denoted J+ , ,'+1, is

J+ , ,'+1 = "+ ,'
; , ,'C+ ,∑
- ;- ,'C+-

, (5.7)

whereC+ , is the adjacencymatrix of the occupation network and reflects
how strongly workers in + prefer to apply to jobs in ,.

Intuitively, the probability that an unemployed worker in + applies to
a vacancy in , is proportional to ; , ,'C+ , . Note that, in contrast with
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8: Numerical checks confirm that reduc-
ing the time-step leads to a well-defined
continuous limit with the same phe-
nomenology as the discrete-time model.

other models, workers do not take wages explicitly into account here,
although among other things, C+ , could depend on the relative wages
of occupations + and ,. This allows us to focus on frictions arising from
mismatches between workers’ skills and vacancy requirements. More-
over, our model assumes wage rigidity, a standard premise in classical
economics as outlined in [182], meaning that wages remain essentially
fixed in the short term. In the DMP framework, wage dynamics are
also only partially addressed, as they are set via flexible Nash bargain-
ing.

The number of workers moving from occupation + to , equals the to-
tal number of applications, times the probability that these applica-
tions are accepted. Each occupation receives J , ,'+1 =

∑
+ J+ , ,' appli-

cations for ; , ,' vacancies. In the limit of a large number of agents, it
is possible to show that the expected fraction of vacancies filled is
1 − exp

(
−J , ,'+1/; , ,'

)
, so we finally obtain

1+ , ,'+1 =
J+ , ,'+1; , ,'

J , ,'+1

(
1 − :−J , ,'+1/; , ,'

)
. (5.8)

This expression is the number of applications from industry + to indus-
try , times the fraction of applications that are matched. As J+ , ,'+1 ∝
"+ ,' , the flow of workers is an increasing function of the labor tightness
ratio $ = ;/". The fraction of matched workers can therefore be writ-
ten as )($) =

(
1 − :−

1
$

)
$, an increasing function of $. This is precisely

the sameurnmatching process introduced by [180], but supplemented
with an occupational network.

At the aggregate level, we define the matching function

.("'+1 , ;'+1) =
∑
+

∑
,

1,+ ,'+1. (5.9)

In the continuous-time limit, this becomes

.("('), ;(')) =
∑
+

∑
,

1,+(') (5.10)

With these components in place, themodel is fully specified except for
the exogenously determined target demand, 6†

+ ,'
.

We now rewrite the model in continuous time 8 and sum over all oc-
cupations to obtain differential equations on aggregate quantities (e.g.
the aggregate unemployment is "(') =

∑
"+(')), and its rate of change

is

6"

6'
= ,"(1 − ") + #(1 − ,") max(0,!(') − !†(')) − .(" , ;). (5.11)

The first term ,"(1 − ") represents the total number of workers who
are separated at random, independently of economic conditions. The
second term, 9"(!(') − !†(')) = #(1 − ,") max(0,!(') − !†(')), rep-
resents state-dependent hiring and firing, conditional on the gap be-
tween realized demand !(') and target demand !†('). The function
9" describes the rule used by firms to increase or decrease the firing
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rate depending on howmuch they deviate from their workforce objec-
tives.

Our primary aim, in this chapter, is to develop an approximation for
these equations that retains the main mechanisms of the model but
is tractable enough to understand the model’s aggregate behavior. We
note that substituting a Cobb-Douglas matching function 8"";1−" for
the urn-ball matching function previously discussed does not change
the phenomenology of the model.

In chapter 6,we introduce a simpler,more intuitive out-of-equilibrium
framework for analyzing and modeling the US labor market.

In contrast to the DMP framework - where forward-looking, rational
firms calculate their ideal number of vacancies and adjust them instan-
taneously - our firms follow a myopic rule of thumb. Firms increase
vacancies if they are below their employment target, and vice-versa,
according to

d;

d'
= ,;(1 − ") + #(1 − ,;) max(0,!†(') − !(')) − .(" , ;), (5.12)

where again we introduce 9;(!†(')−!(')) = #(1−,;) max(0,!†(')−
!(')).

The terms 9" and 9; in d;
d' and d"

d' are not symmetric. Only one of them
is non-zero at a given time '. This asymmetry is responsible for the cy-
cle observed in the Beveridge curve andwill be discussed further. The
state-independent rates ," and ,; drive the direction of the Beveridge
curve cycle. An anti-clockwise cycle occurswhen ," exceeds ,; , which
causes unemployment to lag vacancies when demand is changing (see
Figure (C.3) for an example of the model’s output when ," < ,;). The
inherent asymmetry between unemployment and vacancies is well
known in the literature and has been verified empirically.

For completeness, other technical details (such as the derivation of the
model’s steady-state convergence) are provided in Appendix (C.2).

In a full simulation, the agent-based model typically includes around
500 different occupations with inter-occupational transitions. Al-
though the two differential equations above might appear to be a
substantial simplification relative to the full agent-based model, they
cannot be solved analytically. This is because Eq. (5.10) expresses the
matching function .(" , ;) as a sum over occupations, and there is no
straightforward way to express this sum in closed form.

Replicating the Beveridge curve cycle

Although [62] emphasize that the empirical Beveridge curve roughly
traces out straight lines in log-log scale, with a slope close to -1 in the
vacancy-unemployment plane, deviations from this are apparent in
the data. These deviations largely correspond to what we call the cycle
in the Beveridge curve, i.e. to understand it, we need to understand
why these deviations occur as they do. Following [57], we calibrate
the parameters of the model to the US labor market and assume a
sinusoidal cyclical change in demand with a frequency that roughly
corresponds to the 2008 recession. As shown in Figure 5.2, the model
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qualitatively replicates the observed behavior, with slopes of roughly
-1 during the recession and -0.7 during the recovery.

We attribute this match with empirical data – together with the cali-
brated parameters in which ," > ,; , ensuring an anti-clockwise cycle
– to the relatively slow adjustment time of the economy. The essential
ingredients to obtain a cycling Beveridge curve are that the workforce
objectives targeted by firms change at a pace that is much faster than
the time it takes the firms to reach them, and that ," > ,; . When the
economy contracts, firms can fire workers quickly; but when the econ-
omy recovers, firms are only able to increase their vacancies and hire
at a slow pace. This asymmetry prevents the economy from simply
retracing the steps in the recovery that it took in the recession.

Mimicking comparative statics with the ABM

Wenowuse the agent-basedmodel to highlight the difference between
a traditional DMP framework using comparative statics with our dy-
namical disequilibrium approach. We also hope this discussion helps
clarify how to design simpler, solvable models starting from a compli-
cated ABM.

Suppose we wanted to explain the Beveridge curve with the ABM in
terms of comparative statics. We can illustrate the idea by setting the
parameters so that the system converges to its steady state quickly,
then doing stepwise changes in the target demand. As seen in Figure
(C.4), the system relaxes exponentially to each new steady state. This
means that one could try to explain labor market trajectories via shift-
ing demand targets.

But this approach would not produce a Beveridge cycle: simulating a
crisis followed by a recovery in a quick-convergence regime, the sys-
tem would simply retrace the crisis path in reverse during the recov-
ery. The onlyway to produce a cyclewould be to adjust the parameters
on the recovery path so that they differed from those on the recession
path. This could be done, but then one would need to explain why the
parameters varied as they did. In contrast, as seen above, whenwe use
realistic parameters that yield longer relaxation times, the ABM auto-
matically generates a Beveridge cycle that canmatch data without any
need for auxiliary assumptions or parameter adjustments.

5.3. The dynamics of the Beveridge curve

Convergence to the steady state
The fact that the convergence to the steady state is exponential sug-
gests an approach for approximating (5.11) and (5.12) with a solvable
model. In the comparative statics experiment described above, the con-
vergence to the steady state is well-described by an exponential decay,
of the form

!(') = "!†
1 + "

(
!†

0 − !†
1

)
exp

[
− '

)

]
, (5.13)
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9: This equation may be reinterpreted
as !(' + ') =

(
1 − '

)

)
!(') + '

)!
†('), i.e.

the realized demand is an exponential
moving average of the target demand.
This aligns with the notion of sluggish
adjustments in ABMs. Interestingly, the
DMP framework assumes a similar slug-
gishness, albeit only for unemployment.

where ) is the characteristic convergence time and !†
0 ,!

†
1 represent

the target demands for the initial steady state and the final steady state.
For realistic values in our simulations, " ≈ 1.

This leads us to model the behavior of the demand relaxation via a
simple first order differential equation,

)
!(')

'
+ !(') = "!†('), (5.14)

where, in this case, !†(') = 1'≥0!
†
1 + 1'<0!

†
0.

9 By adjusting ) appro-
priately, we canmatch the convergence of the full networkmodel with
this simple first order differential equation very accurately. The value
of ) reflects the friction of the labor market.

In the full ABM, the convergence time ) is determined by the relax-
ation rate # and the efficiency of the matching process. The relaxation
rate is an external parameter, while the matching efficiency depends
on coordination within the search process and the alignment of skills.
Coordination issues are modeled through an urn-ball matching func-
tion, whereas skill mismatches are determined by the network’s struc-
ture. Less interconnected occupational networks lead to slower con-
vergence times. This relationship is depicted in Figure B.2, illustrating
that networks with smaller spectral gaps, indicating higher connectiv-
ity, are associated with reduced convergence times.

In an ideal scenario with a fully connected network – where any
worker can transition to any occupation – and where frictions arise
solely in the search-and-match process, the convergence time is ap-
proximately 5 months. If we introduce realistic network frictions,
based on occupational mobility data that capture which occupations a
worker can realistically transition to, this period increases to 9 months
(refer to Figure (C.4)). These findings roughly align with those of [74],
who estimated a 10-month convergence period for the French labor
market under a homogeneous shock. This is in sharp contrast with
[62]’s assumption of a 1-month convergence time. This result under-
scores the importance of both the relaxation rate and the network con-
nectivity in determining labor market dynamics.

Out-of-equilibrium dynamics
Mathematical description

Assuming a sinusoidal change in demand, as before and substituting
into Eq. (5.14), the general solution is

!(') = !(0):−
'
) +

∫ '

0

J "!†(J):−
'−J
)
. (5.15)

To get an understanding of the behavior of the system, suppose that
during a business cycle the target demand changes as

!†(') = C1 + C2 cos(5'), (5.16)

where 5 := 22
$ is the frequency of the oscillation and C1 > C2.

For large ', this yields
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Figure 5.2.: a)Output of themodelwhen
simulating the Beveridge curve with pa-
rameters fitted on US data, using the
occupational mobility network, in log-
log scale. The behavior of the target de-
mand !†(') is shown in the inset, with
an amplitude of order 2.5 × 105 and a
period $ ≈ 10 years. The time steps cor-
respond to 6.75weeks and these parame-
terswere chosen to reproduce typicalUS
business cycles. The recession periods
are represented with grey dots and the
recovery periods are represented with
magenta dots. The direction of time is
highlighted with black arrows, showing
that the curve cycle progresses counter-
clockwise over time. During recession,
the slope of the curve is approximately
-1 whereas during recovery the slope
is around -0.7. The empirical US Bev-
eridge curve for years 2000-2019 is plot-
ted in black. b) Area of the Beveridge
curve cyclewhenwe hypothetically vary
the frequency of the demand shock, for
both the occupational mobility network
based on U.S. data (in red) and a fully
connected network (in black), shown
for comparison. High frequency shocks
induce stronger hysteresis, causing fat-
ter Beveridge curve cycles. The curve
for the occupational mobility network is
above the one for the fully connected net-
work, showing that the network plays a
part in increasing the market frictions.

10: The general solution to this equa-
tion can be obtained by performing
the integral

∫ '
0

dJ cos(5'):−
'−J
) =

ℜ
(∫ '

0
dJ :−

'−J
) +i5'

)
, leading to the re-

sults in Eq. (5.18).

!(') ≈ "C1 + C2(5) cos(5' + 7(5)), (5.17)

where C2(5) is the amplitude of the realized demand and 7(5) is a
phase shift, with 10

{
C2(5) := " C2√

1+52)2

7(5) := − arctan(5)).
(5.18)

This result has an intuitive interpretation. If the shock is too sudden,
i.e. $ ) ) or equivalently 5) / 1, then C2(5) ≈ 0 and the labor
market does not oscillate at all because it cannot catch up to the cycli-
cal driving due to changes in demand. For values of $ of order ),
5) = O(1) and so the reaction of the labor market is to oscillate with
a dampened amplitude, and with a phase shift given by 7. In other
words, if the lowest point of target demand is reached at a time $/2,
the lowest realized demand (and therefore the highest level of unem-
ployment) will be reached at $

2 (1 +
arctan(5))

22 ). If ) ) $, then this
reduces to ($ + ))/2, indicating that the labor market takes roughly
time ) to catch up. Since business cycles have timescales on the order
of 3-12 years, whereas ) is the order of 9 months, the economy is nor-
mally in this limit. The functional form introduced here agrees well
with the output of the model in Figure (C.5), which paves the way to
building a simplified model.
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The simplified model above explains the asymmetric behavior of the
system in the vacancy-unemployment plane, as explained in the Ap-
pendix. Periods of crisis are marked by a sharp decline in vacancy cre-
ation relative to firings, primarily due to the absence of the demand-
related term, while firings simultaneously increase. In contrast, recov-
eries involve continued separations but are characterized by a sharp
rise in hirings as the demand-related term becomes active. In both
cases, spontaneous separation and hiring processes persist, but they
are asymmetric because ," > ,; . This asymmetry explains the differ-
ing behaviors of the dynamics during crises and recoveries, and why
the economy does not simply oscillate in symmetric boom-and-bust
cycles.

A key prediction from the model

As shown in (C.4), solving our aggregate model reveals that the dif-
ference between target demand and realized demand, !†(') −!(') is
constant when the shock frequency is low and becomes an oscillating
function as the shock frequency increases. Consequently, this results
in no cycle in the Beveridge curve for low-frequency shocks, when the
economy has time to adjust to the shock. On the other hand, higher
frequency shocks induce a cycle, with the amplitude increasing with
the frequency of the shocks.

As a result, higher business cycle frequency results in a greater mis-
match between vacancies and unemployment, i.e. Beveridge cycles
enclosing a greater area. This prediction is confirmed by numerical
simulations, as illustrated in Figure (5.2) b) which indicates that the
area of the Beveridge curve cycle is an increasing function of the shock
frequency 5. This implies a direct relationship between the speed of
the demand shock and the mismatch between vacancies and unem-
ployment. The more rapid the shock, the more difficult it is for the
economy to adjust.

In summary, the agent-based model accurately reproduces a cyclic
Beveridge curve without relying on instantaneous adjustment as-
sumptions, in contrast to classical models.

5.4. A generic dynamical model
In this section we take advantage of the simplified description of
the demand dynamics to build a phenomenological model that ap-
proximates the aggregate behavior observed in the full agent-based
model. We show that the counter-clockwise cycle of the Beveridge
curve can be reproduced using an aggregate model with a standard
Cobb-Douglas matching function, without having to rely on all the
complexity of the agent-based model and without requiring an occu-
pational network or any specificmatching function (althoughwe have
checked that everything below holds also for a Pólya-urn type match-
ing function as used in the agent-based model). This shows that the
mechanism we propose is robust and generic, and only requires out-
of-steady-state dynamics where vacancies and unemployment do not
automatically adjust to their long-term value.
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11: This is a natural prescription for un-
employment dynamics. For vacancies,
we have also checked that other prescrip-
tions, such as a term =(');(') or =(')(1−
"(')) leads to the same qualitative dy-
namics.

The key ingredients of our model can be defined as follows:

◮ A time dependent rate J('): there is a baseline separation rate
J0 that captures the regular turnover of the labor market due to
random firings or quits. During periods of economic downturn,
this rate increases to reflect higher job losses. This increase is
modeled as an exogenous function driven by external economic
factors.

◮ A time dependent rate =('): similarly, there is a baseline vacancy
creation rate =0 representing the constant need for firms to fill
positions. During economic booms, this rate increases as firms
expand and seek additional labor to boost production. This in-
crease is also exogenously driven by economic factors that are
not explicitly modeled here.

◮ The absence of instantaneous adjustments: unlike traditional
models, where firms instantaneously adjust vacancies based on
optimal foresight, our model assumes that both separation and
vacancy creation rates adjust over time. This introduces frictions
into the labor market dynamics. As a consequence, our model
consists of a dynamical system of two coupled differential equa-
tions.

We define our model as

d"

d'
= J(') [1 − "(')] − .("('), ;('))

d;

d'
= =(') [1 − ;(')] − .("('), ;(')),

(5.19)

where the number of separations is assumed to be proportional to
1 − "('), or to the total number of employed workers. Similarly, the
number of created vacancies is assumed to be proportional to 1− ;('),
or the number of workers available if all the vacancies existing at time
' were to be filled, i.e. a full employment economy.11 For convenience
we choose a matching function of the form .(" , ;) = 8"$;1−$, i.e. a
constant returns to scale Cobb-Douglas function with a matching effi-
ciency 8, or alternatively we use the Pólya urn function as in the ABM,
.(" , ;) = 8(1 − :"/;);. We use a Cobb-Douglas matching function
with $ = 1/2, but other choices lead to the same qualitative results.
The separation and vacancy-creation rates are modeled as functions
of an exogenous cyclical factor, capturing economic booms and busts:

J(') = J0 + C" [cos(5')]+

=(') = =0 + C; [− cos(5')]+
(5.20)

where J0 and =0 are the baseline creation rates, C" and C; repre-
sent the sensitivity of the separation/vacancy creation rates to cycli-
cal fluctuations, and 5 is the frequency of the economic cycle (with
period $ = 22

5 ). As before, [·]+ = max(0, ·) indicates the positive
part,which ensures that the separation rate increases during economic
downturns, reflecting higher layoffs, while the vacancy creation rate
increases during upturns to capture increased hiring effort. Thus, at
the height of an economic boom the separation rate is J0, while the va-
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cancy creation rate is =0 + C; . In contrast, at the worst part of a crisis,
the vacancy creation rate stays at its baseline =0 while the separation
rate increases to J0 + C" .

Emergence of the Beveridge curve cycle By simulating the system
inEq. (5.19)with the rates defined in Eq. (5.20), takingC" = C; for sim-
plicity and using a Cobb-Douglas matching function, we observe the
emergence of the characteristic counter-clockwise cycle in the (" , ;)

plane, showing that this model is capable of reproducing the quali-
tative tear-drop shape of the curve (which is not present in the sinu-
soidal cycle driving the recession and recovery).

Although the specific form of the matching function affects the ex-
act shape of the Beveridge curve and the employment dynamics, the
emergence of the cycle is robust to different choices of $ (although
the cycle can have a cross-over point for certain choices of parame-
ters). An example set of simulations are shown in Figure (5.3) a). As
for the ABM, we find that the model reacts with a lag with respect
to the economic cycle: taking, e.g., the unemployment time-series "(')

we observe that it oscillates with the same frequency 5 as the cycle.
Plotting the variables (cos(5'), "(')) in a plane, however, leads to an
ellipsoid, which is expected if "(') ∼ cos(5' + 7) where 7 is a phase-
shift that changes depending on the choice of parameters.

In addition to this, we perform a simple experiment to show that the
system takes some time to reach a steady-state value. Taking, e.g.,
C" = C; = 0, we initialize the system at values ("0 , ;0) and observe
the time it takes to reach its stationary state, ("∞ , ;∞). We find generi-
cally that this time becomes shorter for larger values of 8, demonstrat-
ing that better matching efficiency allows the labor market to reach its
equilibrium faster. If we set 8 to reach a convergence time of around a
month wematch the prediction of [62]. An example set of simulations
are displayed in Figure (5.3) b). We perform a similar analysis that
consists in replacing the economic cycle with a step function, using
the following prescription for the separation and creation rates:

J(') =

{
J0 for ' ≤ $0

J0 + C for ' > $0

=(') =

{
=0 + C for ' ≤ $0

=0 for ' > $0

(5.21)

representing a quickly changing economic environment, that sud-
denly switches from an economic boom with a high vacancy creation
rate and a low separation rate, to a crisis environment where the op-
posite happens. We observe again a switching from one equilibrium
to the other with a non-zero convergence time. As before, this time is
shorter for a higher matching efficiency 8.

Interpretation and implications Our simple model highlights that
the Beveridge curve cycle can be reproduced even without having to
introduce detailed agent-basedmechanisms. The key drivers are time-
varying separation and vacancy creation rates with some asymmetry,
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serve EconomicData (FRED) for theU.S. (2000–2023), data fromStatis-
tics Canada (2015–2023), andOECDdata (2007–2023) for several coun-
tries. We display the time series for unemployment and vacancy rates
for these countries and their corresponding Beveridge curves in Fig-
ures (5.5) and (5.6).

As expected, the unemployment rate and the vacancy rate are anti-
correlated. We compute the cross-correlation between the two time
series ;(') and "(' + &), and find that the anti-correlation reaches its
most negative value for roughly & = 5 months for the U.S, & = 7

months for Canada, & = 9 months for Austria, and & = 14 months for
Poland, all of which align well with our prediction (see Figure (5.7)).
These observations are consistentwith recent empirical findings noted
in the introduction of this thesis (see for example [70]).

By contrast, we obtain & = 55 months for Luxembourg, which is
significantly larger than our prediction, and & ≈ 3 months for the
United Kingdom, Germany, and Switzerland, which, while several
times greater than the predictions of earliermodels, also deviates from
our own prediction. This could be an artifact of the statistical noise in
the data, but also because our model is calibrated on US data, which
could result in deviations when predicting outcomes for economies
that differ significantly from the US.

The results shown in Figure (5.7) are not smoothed. We have tested
several smoothing methods to reduce the level of noise in the data,
which all yield peaks in the negative correlation at lags between 6 and
11 months (except for Luxembourg, which persistently remains much
larger). The lag is always many times larger than the 1 month adapta-
tion timescale predicted by the DMP framework [181], and is always
closer to the 10 month timescale predicted by [74] for the French la-
bor market under symmetric shocks affecting all occupations. We also
find that the behavior of the correlation function for the output of the
model calibrated on the US labor market is remarkably close to the
empirical correlation functions displayed for the US (see Figure (5.4)).

Turning back to the U.S. Beveridge curves from 2000–2019 (including
the 2008 recession) and 2019–2023 (including COVID), we note that
the COVID cycle enclosed a much larger area—consistent with our
model’s prediction that faster business cycles produce larger loops.
Although a thorough demonstration would require in-depth analysis
across multiple cycles, our preliminary results support the model’s
key conclusions.
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We denote this time series as (' and apply a Hodrick-Prescott filter
to decompose it into a trend component and a cyclical component as
follows:

(' = )' + (̂' . (5.22)

The cyclical part has zero mean, so we normalize it by its standard
deviation:

/' = (̂'/+((̂'). (5.23)

Figure 5.8a shows the rescaled cyclical component of GDP. This re-
places the original sine-based target demand in the model, which pre-
viously took the form

!†
' = !0 × (1 + > sin(5')), (5.24)

with !0 the initial demand and > is the amplitude of the cycle, cali-
brated to approximately 6.5% for the US labor market. We now write:

!†
' = !0 × (1 + >/'), (5.25)

keeping the parameter > fixed as a first guess.

We notice a lag in simulation outcomes relative to observed data,
which is reduced by approximating target demandwith a laggedGDP
series. An 18-month lag provides the best fit to the data. (Replacing
GDP with lagged vacancies did not improve the results.)

This is, admittedly, a rather crude first attempt. Nonetheless, as shown
in Figure (5.8), themodel captures the general behavior of theUS labor
market both before and after the COVID shock rather well. Indeed, the
pre-COVIDbehavior of the Beveridge curve is correctly reproduced by
the model, which also captures the abrupt increase in unemployment
and the economy’s cyclical return towards its pre-COVID position in
the u-v plane after the COVID shock. The non-equilibrium, agent-
based model thus appears relevant for understanding and studying
various types of structural changes in the economy. The alignment of
themodel’s resultswith empirical observations is therefore notmerely
a result of calibration.
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Figure 5.8.: a) rescaled and demeaned
GDP (/' ) for the US, for years 2000 (' =
0) to 2023, using a Hodrick-Prescott fil-
ter with a smoothing parameter equal to
1600. b) Outcome of the simulations of
the model compared to empirical data,
using US lagged (i.e., 18 months back-
ward) GDP as a proxy for target de-
mand, for the years 2000-2019. The US
data is plotted in black, and the simu-
lation in cyan. The anti-clockwise direc-
tion of time is highlighted on the simu-
lation with black arrows. c) Outcome of
the simulations of the model compared
to empirical data, using US lagged (i.e.,
18months backward)GDP as a proxy for
target demand, for the years 2019-2023.
The US data is plotted in black, and the
simulation in cyan. The anti-clockwise
direction of time is highlighted on the
simulation with black arrows.

5.6. Conclusion
Many theories have been proposed to explain the Beveridge curve
and its characteristics. These range from classical rational expectations
models addressing structural changes and hysteresis loops to agent-
basedmodels that integrate job-to-job transitions or sectoral dynamics.
Additionally, there is a substantial body of empirical research.

Herewe studied the Beveridge curve froman out-of-equilibrium, zero-
intelligence standpoint, employing an agent-based model calibrated
to accurately replicate the US Beveridge curve. In order to better un-
derstand why this model yields realistic-looking Beveridge cycles, we
used linear response theory to construct a simple, approximate model
that captures most of the features of the Beveridge curve. The reduced
model makes it clear that the counter-clockwise Beveridge cycle ob-
served in the ABM is caused by the fact that unemployment lags the
demand for labor more than job vacancies do. For the U.S. this lag is
the order of 9 months, which is large enough to account for the empir-
ically observed behavior. The lags observed for other countries vary,
but the smallest observed value is 3 months (for the UK) and most
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countries show much larger lags.

Our approach aligns with the classical economics assertion that fric-
tions stem from the matching process, introducing non-linearities
in the model through the matching term .(" , ;). However, our ap-
proach highlights the role of demand-related terms in the evolution
equations for vacancies and unemployment, contributing to the asym-
metric behavior that leads to the Beveridge curve cycle. Notably, these
terms capture the imperfect forecasting power of agents, in contradic-
tion of rational expectations models.

We show that the network structure is one of the main causes of the
slow convergence time of approximately 9 months. This is roughly in
agreement with empirical data, and is roughly ten times longer than
lags expected in some othermodels. Furthermore, we demonstrate the
relevance of our model even when subjected to an uncalibrated shock.
Specifically, by using lagged GDP as a proxy for target demand and
without any additional calibration, our model approximately repro-
duces the shift observed in the Beveridge curve during COVID. The
current results are hence suggestive that the Beveridge curve is a dis-
equilibrium, boundedly rational phenomenon.
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Key Takeaways

1. Out-of-Equilibrium ABM: A zero-intelligence agent-based
model calibrated to U.S. data reproduces the counter-clockwise
Beveridge curve without classical rational expectations or
instantaneous clearing assumptions.
2. Lag-Driven Cycle Mechanism: Linear response computa-
tions show the Beveridge loop arises because unemployment
lags vacancies by about nine months.
3.Cross-CountryVariation: Empirical unemployment–vacancy
lags range from roughly three months to over a year elsewhere,
underscoring a universal disequilibrium mechanism with
varying magnitudes.
4. Matching Frictions & Demand Asymmetry: Nonlinearities
in the matching function .(" , ;) introduce frictions, and
explicit demand terms create asymmetry, reflecting agents’
imperfect forecasting.
5. Network-Induced Slowness: The structure of
skill‐compatible job networks drives a slow, nine-month
convergence—an order of magnitude longer than models
without explicit network frictions.
6. Disequilibrium Interpretation: Our findings support
viewing the Beveridge curve as a boundedly rational, out-
of-equilibrium phenomenon, challenging equilibrium-based
policy prescriptions.



A simple yet effective
disequilibrium model of the

Beveridge curve 6.
Cette obscure clarté qui tombe des étoiles.
Le Cid1-Pierre Corneille, 1637.

This chapter is taken from Becharat, Moran, del Rio-Chanona and
Farmer (in prep): A simple yet effective disequilibrium model of the Bev-
eridge curve. The drafting of the manuscript was carried out in collab-
oration with the co-authors.

6.1. Introduction
In the previous chapter, we simplified the ABM of the labor market
proposed in [57] to construct an aggregate model and used it to study
the Beveridge curve cycle in more detail. This allowed us to show that
the Beveridge curve cycle occurs because the unemployment rate lags
the vacancy rate due to slow convergence to equilibrium (at least in
the model). Here we further develop this line of work, simplifying the
model even more and explicitly comparing our predictions to time
series data. We hence propose a novel mechanism to explain the Bev-
eridge curve cycle using a simple dynamic disequilibrium model. We
use some of the results from the DMP framework, but we also add to
it and change it conceptually by abandoning comparative statics.

We alter the conceptual framework explaining the Beveridge curve cy-
cle in several essential ways.

First, we take vacancies as given, and only attempt to understand how
unemployment depends on the vacancy rate. Second,we attempt to ex-
plain as much as possible while keeping the matching function fixed
in time. We show that a surprising amount of the variance can be ex-
plained this way. Third, we enhance the DMP formalism by taking
state-dependent firings of workers into account. In our model, un-
employment increases both due to state-independent separation of
workers, which is almost constant in time, and state-dependent firings
caused by drops in expected demand, which are highly variable.

Finally, we allow the economy to be truly out-of-equilibrium: In con-
trast to the DMP formalism,we do not assume a steady-state by requir-
ing that the rate of change of unemployment is zero. As in theDMP for-
malism, unemployment decreases as workers are matched with jobs,
but this happens slowly, on a timescale of several months tomore than

1 The title Cid comes from the Arabic honorific sayyid, meaning “lord” or “master.” Orig-
inally, sayyid was reserved for those regarded as descendants of the Prophet Muham-
mad.
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a year. Firms can adjust vacancies and fire workers relatively quickly,
but matching workers to jobs takes time. As a result, unemployment
tends to lag vacancies. Changes in economic conditions affect unem-
ployment and vacancies, but because unemployment adjusts slowly,
the economy is perpetually out of equilibrium. We argue that this is the
essential cause of the Beveridge curve cycle.

Our framework provides a very simple explanation of the unemploy-
ment gap between recessions and recoveries. When we go into reces-
sion workers are fired quickly and unemployment increases in pace
with decreasing vacancies. As the economy recovers, vacancies in-
crease but unemployment responds more slowly, so that at a given
level of vacancies, unemployment is lower during the recovery than it
was during the recession. Most of the lag occurs in the recovery phase;
this is because workers can be fired quickly, but rehiring takes time.
Thus, as the recession begins, increasing unemployment keeps pace
with decreasing vacancies, but during recovery, it tends to lag.

Despite being very simple, our model makes several testable predic-
tions. The first is that, even if we keep the matching function constant,
we can still explain much of the Beveridge curve cycle. This allows
us to test our model by making time series predictions of unemploy-
ment conditional on vacancies, and allows us to quantitatively explain
much of the Beveridge curve cyclewithminimal assumptions. The sec-
ond prediction is that there is a lag between vacancies and unemploy-
ment, which causes counter-clockwise movements in the (" , ;) plane.
Our model predicts how this lag varies through time. Finally, all else
equal, we predict that the size of the unemployment gap is an increas-
ing function of the speed of the recession-recovery cycle. We test all
of these predictions here and show that they are in good agreement
with the data. To our surprise, we also find that results are relatively
insensitive to the functional form of the matching rate.

Of course, our model doesn’t explain unemployment perfectly. It is
likely that the components it doesn’t explain are due to changes in the
matching rate. The errors of our model make it clear where further
explanation is needed.

Our results are important from a methodological point of view. It is
standard in economics to assume equilibrium from the outset. While
there is a substantial older literature on disequilibrium models [183],
and agent-basedmodels have been successful in producing qualitative
explanations of phenomena such as clustered volatility and housing
bubbles, there are so far only a few disequilibrium models that have
been shown to have quantitative predictive power [184, 185]. Ourwork
provides an example where shifting the conceptual framework to al-
low the economy to be out-of-equilibrium both simplifies the explana-
tion and results in substantially better predictions. We were inspired
by a more complicated agent-based model for occupational labor dif-
fusion [82] that explains the Beveridge curve cycle with similar ideas,
but does so in a less parsimonious and predictive manner. This ap-
proach to building models based on bounded rationality has a long
history in the agent-based modeling community [12].

Another virtue of our model is that it substantially lowers the level of
rationality demanded of its agents. In the DMP framework the burden



6. A simple yet effective disequilibrium model of the Beveridge
curve 97

of rationality for the agents in themodel is high – employers andwork-
ers need to do complicated calculations to take each other into account.
In our model, in contrast, firms just need to estimate the demand for
their product and fire workers as needed to increase their profits by re-
ducing costs.Workers are essentially zero intelligence agents who sim-
ply do their best to find appropriate jobs as quickly as they can. The
predictive power of the model stems from its ability to estimate how
far out of equilibrium the economy is, i.e. to predict the time-varying
delay between vacancies and unemployment. Requiring less rational-
ity of the agents makes our model more plausible from a behavioral
point of view.

This work may also have broader macroeconomic implications. In
control theory lags are strongly associated with oscillatory behavior,
which can be chaotic [186]. Lags between demand and unemployment
can affect production, andmight play a role in generating endogenous
business cycles.

This chapter is structured as follows. In section (6.2) we introduce our
conceptual framework and propose our parsimonious disequilibrium
model, and in section (6.3), we show that the predictions of our model
are consistent with US labor market data, spanning 1951-2024.

6.2. Our conceptual framework
The DMP conceptual framework assumes sophisticated strategic rea-
soning by both firms and workers. We adopt a much simpler concep-
tual framework in which the only strategic reasoning is by firms, who
form expectations about demand and post vacancies or fire workers
as needed in order to maximize profits. A key element is that firing
workers or posting vacancies can be done very quickly, while hiring
requires matching vacancies with unemployed workers, which takes
time. As a result, when expected demand changes, the economy is
slow to reach equilibrium, and the speed with which this happens
varies depending on the state of the economy. As we will see, it is es-
sential to model unemployment and vacancies in dynamic terms. To
illustrate our reasoning we give a few very simple examples.

Behavior of profit-maximizing firms
Permanent negative demand shock. Consider a large firm that produces a
good or service with demandS which suddenly experiences a perma-
nent negative demand shock −∆S. For convenience assume a simple
production function Π = 8&, where & is labor and 8 is everything
else (8 remains constant). The firm can adjust its labor force either by
posting new vacancies or firing existing workers. In this case the firm
can maximize profits by firing ∆& workers, so that

∆S

S
=

∆&

&
. (6.1)

If there are? workers in the whole economy, then as a result of the ac-
tions of this firm, unemployment in the whole economy will increase
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by

∆" =
∆&

?
=

&∆S

?S
= −(∆S

S
, (6.2)

where ( = &/? is the fraction of the total workforce employed by the
firm prior to the shock.

Assuming the separation rate J of the firm remains constant, this will
also cause a reduction in the rate at which it posts vacancies. If the
number of vacancies is proportional to the number of workers, sim-
ilar reasoning shows that this firm will cause vacancies to drop by
∆; = (∆S/S. (In the long-run, if the shock were truly permanent,
this would reduce the number of possible jobs in the economy, so that
eventually vacancieswould return to their former level, butwe neglect
this here).

Downward trend in expected demand. Suppose at time ' = 0 the expected
demand suddenly drops exponentially at rate ", so that the firmneeds
to adjust its workforce by &(') = &(0):−"' in order to minimize costs.
The firm can achieve this by firing workers and posting vacancies at
an exponentially decreasing rate, so that its contribution to the rates
of change of unemployment and vacancies in the whose economywill
be

6"

6'
= "(1 − ():−"' (6.3)

6;

6'
= −"(1 − ():−"' (6.4)

Positive demand shocks. In both of the examples above unemployment
and vacancies respond to the shock immediately andmove in opposite
directions. However, this is only true for negative shocks. If a firm’s ex-
pected demand suddenly experiences a positive shock, it cannot “un-
fire” workers – its only option is to post vacancies. But hiring takes
time, so it will necessarily experience an interval when it lacks the
workers it would like to have in order to produce more and maximize
its profits. This illustrates that hiring and firing are inherently asymmetric.
While the dynamics of vacancies and unemployment will be similar
during recessions, they will be different during recoveries, when un-
employment will lag vacancies. As we will show, this is the essence of
what causes the Beveridge curve.

The first two examples are deterministic and monotonic. More gen-
erally, we should consider stochastic and possibly non-monotonic be-
havior in future demand. Given the time delays for hiring and the time
it takes to break in new workers, a firm may choose to retain workers
during a downturn if it believes that it is temporary. It may be possible
to work out a more general model under this reasoning, but the em-
pirical work that we will present later suggests that firms use simple
heuristics to adjust vacancies and to decide when to lay off workers,
so it is not clear whether this would be empirically useful.

The reasoning above doesn’t take into account heterogeneity and be-
havioral factors. In reality some sectors are much more likely to ex-
perience demand shocks than others. The construction industry is
very sensitive to economic downturns,while governmentworkers and
nurses are not. One could potentially estimate industry-specific fac-
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tors to take this into account. This is beyond the scope of this work,
where we are taking an aggregate approach, but even at an aggregate
level, heterogeneous industry-specific demand shocks couldmake the
response non-linear. For example, if occupations such as nurses and
government workers are always in demand, this imposes a floor on
vacancies and a ceiling on unemployment.

It is also worth noting that there may be behavioral effects that are
not profit maximizing. Large scale layoffs, for example, can be trau-
matic, and firms may decide to make downward adjustments to their
workforce by posting fewer vacancies rather than firing workers, even
if this causes delays in adjusting the workforce that are not myopi-
cally profit maximizing. This may be because management believes
that this increases worker productivity in the long run (which is ulti-
mately profit maximizing) or they may be hesitant to fire employees
for humanitarian reasons.

A final caveat about our reasoning above is that the linearity assump-
tion is likely only a crude assumption. There are many circumstances
thatmight introduce nonlinearities, for example, if there is aminimum
team size required to make something. In this case we would see all-
or-nothing behavior, with no change in unemployment followed by a
jump when the firm goes out of business. In general, whenever a firm
goes out of business, for whatever reason, we should see non linear
jumps in unemployment. The model above may nonetheless be a rea-
sonable approximation since there are many firms in the economy.

A quantitative model for vacancies and unemployment
The reasoning above suggests that there is a key termmissing from Eq.
(5.1) corresponding to the fact that firms fire workers in economic down-
turns. Letting the expected demand be !(') and defining the function
[/]− = 0 when / ≥ 0 and [/]− = / when / < 0, we propose the follow-
ing model, often referred to as Model 1 in the rest of this work, for the
dynamics of unemployment and vacancies,

6"

6'
= (1 − ")

(
J − B" [

6!

6'
]−
)
− 8.(" , ;) (6.5)

6;

6'
= (1 − ;)

(
;0 + B;

6!

6'

)
− 8.(" , ;), (6.6)

Both equations have a similar form: On the right hand side there is
a creation term and a destruction term. For unemployment the cre-
ation term can be broken down into a constant background separation
rate J and an expectation-dependent firing rate B" [ 6!6' ]−, and similarly
for vacancies there is a constant background rate ;0 and an expecta-
tion dependent rate B;6!/6'. Both equations share the same match-
ing function, corresponding to the fact that, if a worker is hired, un-
employment and vacancies both drop by the same amount. The key
difference between the two equations is that the dynamics of unem-
ployment are highly nonlinear due to the [ 6!6' ]− term, which produces
non-zero output only during downturns.

As a reminder, we write here the static and dynamic DMP equations,
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1: In this setting, " = J
J+8; .

referred to in the rest of this work as Model 2 and 3:

0 = J(1 − "(')) − .("('), ;(')), (6.7)

6"

6'
= J(1 − "(')) − .("('), ;(')). (6.8)

To make this operational we need to choose a matching function. Ig-
noring scale constants, we will consider three possibilities:

◮ Urn model. .(" , ;) = ;
(
1 − :−"/;

)
◮ Cobb Douglas. .(" , ;) = "";1−"

◮ Simple. .(" , ;) = ";.

The first two matching functions are standard. The “simple” match-
ing function is useful as a point of comparison, both because it has an
analytic solution for Eq. (6.8) 1 and because it provides the best empir-
ical results. It can bemotivated as follows: Suppose all workers and all
jobs are equivalent, so that any worker can be matched to any job. If a
worker and a job are chosen at random, the odds that an unemployed
worker will match to a vacancy job are proportional to the product of
" and ;.

Qualitative explanation of the Beveridge curve cycle
To understand the properties of the model (corresponding to the cou-
pled system constituted of Eq. (6.5) and Eq. (6.6)) and illustrate how
it causes a Beveridge curve cycle, we consider an idealized recession
and recovery where the expected demand varies sinusoidally, accord-
ing to !(') = sin 5', as shown in Fig. (6.1).

This illustrates several qualitative predictions of the model. As the
economy falls into a recession, employment and vacancies both ad-
just quickly, so the delay between them is small. In contrast, as the
economy recovers, unemployment adjusts more slowly than vacan-
cies because of the delays caused by the time required for matching
unemployed workers to jobs. The result is that it takes longer for un-
employment to reach a given vacancy target as the economy goes into
the recession than it does when it recovers. Note that the matching func-
tion is fixed, illustrating that in contrast to the explanation in terms of
comparative statics, changes in the matching function are not needed
to generate the Beveridge curve.

Our model also predicts that the demand-sensitive term in the model
should make the upper tail of unemployment heavier than the lower
tail, whereas the tails of the distribution of vacancies should be less
heavy-tailed and more symmetric. Similarly, it predicts that unem-
ployment should be positively skewed, moreso that vacancies or GDP.
This is because the equation for 6"/6' in Eq. (6.5) has strongly nonlin-
ear term boosting unemployment when the expected future demand
drops, but does nothing when it increases. In contrast, for vacancies
this term is the same for recessions and recoveries.

To test this we construct a synthetic GDP series 0' assuming that it
is an asymmetric AR(2) random process with fat‐tailed shocks cali-
brated to our 2000–2018 data. We then feed the generated GDP into
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the recession gets worse, workers are laid off as expected future de-
mand falls. In contrast, recovery requires hiring new workers, which
is a much slower process. For comparison we plot the characteristic
matching time 1/.(" , ;) = 1/(8";), which corresponds to the inverse
exponential relaxation rate if the other terms in Eq. (6.5) and Eq. (6.6)
are held constant. We measure this in units of months required for
a one percent change in unemployment (based on matching alone).
Before the crisis the characteristic time is about 40 months, but during
the recovery it is about 30−35 months. Even thoughmatching is faster
during the recovery, unemployment moves slower than it did going
into the recession because hiring is the primary mechanism of change.

We evaluate this prediction across three additional sample windows
(1955–1965, 1970–1980, and 1985–2000; see Appendix (D.3)) and find
that for the 1955-1965 and 1985-2000, the unemployment–vacancy lag
is again shorter during downturns than during recoveries. For the
1970-1980 period, unemployment does not reach its former level so
we cannot compute the corresponding lag.

Furthermore, across all four periods, the recessionary phases exhibit
markedly steeper slopes in both unemployment and vacancy rates
than the relatively gradual slopes observed during their subsequent
recoveries. This is again something that our model predicts, and the
results are summarized in Table (6.1).

Recovery slopes
Period Vacancies (%-pt/month) Unemployment (%-pt/month)
1955–1965 0.019 −0.020
1970–1980 0.056 −0.065
1985–2000 0.020 −0.043
2000–2018 0.025 −0.066
Simulation 0.086 −0.101

Recession slopes
Period Vacancies (%-pt/month) Unemployment (%-pt/month)
1955–1965 −0.068 0.193
1970–1980 −0.085 0.215
1985–2000 −0.047 0.074
2000–2018 −0.066 0.184
Simulation −0.113 0.124

Table 6.1.: Monthly slopes for vacancies
and unemployment during recoveries
(top) and recessions (bottom), by period
(including simulation).
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Figure 6.2.: Asymmetric lags in 2008
recession. Smoothed monthly unem-
ployment (blue) and vacancies (orange)
for the United States from 2000–2018,
with the characteristic matching time
1/(8 ";) (black, right–hand scale) plot-
ted in units of months required to
achieve a one percent change based on
matching alone. Vertical dashed lines
represent key events. At the beginning
of the recession in 2007 unemployment
leads vacancies by three months, while
at the trough of the recession in 2009-
2010 vacancies lead unemployment by
six months. Vacancies reach their pre-
recession level in 2014 while unemploy-
ment doesn’t reach it until 33 months
later, in 2017.We overlay dashed colored
lines to distinguish the mean slopes of
unemployment and vacancy rates dur-
ing recessionary and recovery phases.
Our analysis shows that, for both series,
the average slope during recessions is
roughly 2.5 times steeper than the sub-
sequent recovery slopes.

We now test the model’s predictions about the tail behavior of the dis-
tribution of changes in unemployment and vacancies. In Table (6.2)
we compute the upper and lower tail exponents for unemployment,
vacancies and GDP (which is shown for comparison).

Series "upper "lower Skew

∆" 1.4 1.8 10.5
∆; 2.3 2.6 −0.2

∆ GDP 2.2 1.9 −1.8

Table 6.2.: Tail exponents " and skew-
ness (Skew) for US change in unemploy-
ment ∆", changes in vacancies ∆;, and
change in detrended GDP ∆06). See
Appendix for details of statistical estima-
tion.

The tail exponent " corresponds to the highest moment of the distri-
bution that exists (i.e. is less than infinity), so lower tail exponents in-
dicate heavier tails. Both the upper and lower tail exponents of unem-
ployment are less than 2, but as predicted, the upper tail exponent is
larger than the lower tail exponent. In contrast, both tail exponents
of vacancies are greater than two. Because unemployment tends to
move in the opposite direction to vacancies and GDP, the upper tail
exponent of unemployment (1.4) should be compared to the lower tail
exponents of vacancies (2.6) andGDP (1.9). The lower tail exponent of
unemployment is 1.8, compared to 2.3 for the upper tail of vacancies
and 2.2 for GDP, indicating that movements of unemployment dur-
ing recoveries are heavier tailed than the corresponding movement of
vacancies, but as the model predicts, the difference is much less than
during recessions. We also compute skewness, which is 10.5 for un-
employment vs. −0.2 for vacancies and −1.8 for GDP, showing that
unemployment is much more skewed than either of them.

By contrast, empirical estimates are much larger (GDP skew ≈ −1.8,
unemployment skew ≈ +10), indicating that while amplified down-
side sensitivity can generate the qualitative ordering of skewnessmag-
nitudes, additional nonlinear mechanisms or structural asymmetries
are required to match the observed extremes. More specifically, the in-
tuitive logic holds: raising B" amplifies unemployment’s response to
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GDPdownturns, shifting the series upward and increasing its positive
skewness.

Time series model
In order to compare the theory to data we need a proxy for the ex-
pected demand !('). We have found that detrended GDP provides a
useful approximation, which works best when we lag it by one month
(we say more about this in Section (6.3)). Rewriting Eq. (6.5) and Eq.
(6.6) as discrete time series models using the GDP proxy, assuming a
monthly timescale and assigning the necessary free parameters B and
8 gives

"'+1 = "' + (1 − "')
(
J − B" [∆0'−1]−

)
− 8.(" , ;) + 1' , (6.9)

;'+1 = ;' + (1 − ;')
(
;0 + B;∆0'−1

)
− 8.(" , ;) + .' , (6.10)

where.(" , ;) is a scale-free version of one of the three matching func-
tions described above (which we will compare later). 1' and .' are
noise terms that take prediction errors into account, and ∆0'−1 is the
change in detrended GDP, i.e. ∆0'−1 = (0' − 0'−1)/0'−1.

For our empirical tests we use U.S. data from 1951−2023. We begin by
fitting unemployment conditional on vacancies andGDPwith the sim-
ple matching function using Eq. (6.5), as shown in Fig. (6.3). We have
estimated J = 0.00265 independently based on a study of U.S. separa-
tion rates during 2000−2006 by Hobĳn and Sahin [187] (see Appendix
(D) for more details), so that the model only two free parameters other
than the adjustment of the time lag for GDP.
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Figure 6.3.: A comparison of the model
for unemployment from Eq. (6.5) (re-
ferred to as Model 1) fitted to U.S. data
from 1951 - 2023, taking the vacancy
and GDP time series as given and using
the simple matching function .(" , ;) =
8";

The model does a remarkably good job of matching the dynamics of
unemployment, matching the peaks well and the shape of the time
series and the amplitude of its movements up and down, with a good-
ness of fit A2 = 0.37, as seen of Fig. (6.3). There are, however, periods
of many years to decades where the model is consistently above or be-
low the empirical data. (We will revisit the implications of this later).

Comparison to the DMP model
Asmentioned earlier, the DMPmodel is normally used to understand
the factors that cause vacancies and the matching function to change,
and to our knowledge, has not been used for time series predictions.
This makes it difficult to make quantitative comparisons. However,
we can at least compare to part of the DMP framework if we take Eq.
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(6.7) and Eq. (6.8) literally and use them to predict unemployment con-
ditional on vacancies. Eq. (6.7), which lets 6"/6' vary, is the same as
Eq. (6.5) with the demand sensitive term omitted. Eq. (6.8) makes the
equilibrium assumption 6"/6' = 0. To make a comparison, in absence
of any knowledge of how the matching function changes, we keep it
fixed. This is perhaps not in the spirit of the conceptual framework of
the DMP, in which Eq. (6.7) is just used to justify convergence to equi-
librium, and most of the dynamics is assumed to come from changes
in the matching function, but it is a useful exercise for its own sake.
We show fits of Eq. (6.8) and Eq. (6.7) (referred to as Models 2 and 3)
to the empirical data in Fig. (6.4). We get A2 = 0.18 for the dynamic
model of Eq. (6.7) and A2 = 0.13 for the static model of Eq. (6.8).
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Figure 6.4.: A comparison of the “DMP”
models of Eq. (6.8) (Model 2) and Eq.
(6.7) (Model 3) to U.S. data from 1951 -
2023, taking the vacancy and GDP time
series as given and using the simple
matching function .(" , ;) = 8";.

We can similarly use Eq. (6.6) as a model for vacancies conditioned on
unemployment andGDP, as shown in Fig. (6.5). As before,we use the a
priori value of J fromHobĳn and Sahin [187] so that there are only two
free parameters. The fit is much worse than it was for unemployment,
with A2 = 0.09. This is still much better than doing the analogous
procedure using Eq. (6.7), which has A2 ≈ 0 or Eq. (6.8), which has
A2 < 0. Interestingly, the errors made by the model are very different.
In this case themodel for vacancies does amuchworse job ofmatching
the peaks and the amplitude of the changes, but there are no long
periods where the model is consistently high or low, as there were for
the model of unemployment.

Finally, we estimate Eq. (6.5) and Eq. (6.6) simultaneously, yielding
the result shown in Fig. (6.6). The fit of the joint model to vacancies
is essentially the same as before, with A2 = 0.09, while the fit to un-
employment is somewhat worse, with A2 = 0.3. Given that the fit to
vacancies is relatively poor, and that the fit for unemployment now
depends on vacancies, it is surprising that the loss in goodness of fit
for vacancies is only ∆A2 = 0.07.

These findings prompt the question of why our unemployment speci-
fication outperforms the vacancy specification so markedly. One plau-
sible explanation is that aggregate GDP growth is a poor proxy for
firms’ forward-looking hiring plans: employers likely form expecta-
tions about future vacancies in a manner that differs from how they
view macroeconomic output. Exploring those anticipatory mecha-
nisms lies beyond the scope of our deliberately parsimonious dise-
quilibriummodel, which nonetheless succeeds in reproducing the ob-
served unemployment trajectory given the vacancy and GDP paths.
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Figure 6.5.: A comparison of the model
for vacancies of Eq. (6.6) against U.S.
data from 1951 - 2023, taking the unem-
ployment and GDP time series as given
and using the simple matching function
.(" , ;) = 8";.
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Figure 6.6.: A fit of the model given by
Eq. (6.5) and Eq. (6.6) to the time series
of vacancies and unemployment for the
United States from 1951 - 2023. We use
the simple matching function, which is
kept fixed.

Comparison of matching functions
How important is the functional form of thematching function? In Fig.
(6.7) we run a comparison fitting our model yielding unemployment
conditional to vacancies and GDP corresponding to Eq. (6.5) to the
data with each of the three matching functions mentioned above. The
results are summarized in Table (6.3).

Matching function B 8 A2

" · ; 0.012 1.420 0.373√
" · ; 0.010 0.070 0.370

(1 − :−"/;) ; 0.009 0.120 0.134

Table 6.3.: Fitted parameters and A2

for Model 1 under three matching func-
tions.
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Figure 6.7.: A comparison of the results
from running our model with three dif-
ferent matching functions.

Interestingly, the ”urn ball” matching function performs more poorly
than the other two matching function, but the Cobb-Douglas and the
”simple” matching function yield similar results, confirming us a pos-
teriori in our choice of this simple class of matching functions for our
simulations.
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Evidence for bounded rationality
Our theoretical arguments in Section (6.2) were based on the assump-
tion that firms maximize profits based on their expectations about fu-
ture demand. But how do they form those expectations? The fact that
we find the best results when GDP is lagged by one to two months
(see Fig. (6.8)) suggests that firms fire employees after they discover
they are not needed, rather than before. In other words, it suggests
that firms use a simple backward-looking boundedly rational heuris-
tic to formulate their estimates of future demand, in agreement with
previous work [11, 188, 44]. Given that models cannot forecast changes
in GDP very well, and that anyone who could forecast GDP well
would quickly become very rich, the fact that firms use simple heuris-
tics should not be surprising. Though there may be circumstances in
which some firms have inside knowledge that allows them to forecast
demand for their good, it seems that this is not typical.

A key advantage of our model is that the timing of its peaks aligns
more closely with the data than do the alternativemodels. In Fig. (6.9),
we mark several salient peaks and compare their timing in the model
and in the data; on average, themodel’s peaks lead the observed peaks
by about one month.
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Figure 6.8.: Output of the A2 score for
Model 1 (simple matching function with
lagged GDP) as a function of the lag.
The A2 attains its maximum at a lag
of one month, although the value at a
two‐month lag is nearly identical.
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Figure 6.9.: Comparison of Model 1’s
simulated peakswith those in the empir-
ical series. The simulated peaks are high-
lighted in magenta, and the empirical
peak in gray. On average, the simulated
peaks occur approximately one month
and a half earlier than the observed ones,
althoughModel 1 still predicts peak tim-
ing very accurately.

Measuring matching rates and adjusting the model to
make better predictions
Our model can also be used as a way of measuring labor tightness
and using this to make better predictions. As seen in Fig. (6.3), the
model does a good job of capturing the time dynamics of unemploy-
ment. For example, all of the predicted peaks line up well with the
actual peaks. However, there are long periods where the model’s pre-
dictions are consistently low or consistently high. From 1950 to 1970
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the model’s predictions are consistently high; from 1970 to 1992 they
are consistently low, and from 2000 to 2008 they are consistently low.
These shifts may occur because of non-stationarity, e.g. because the
parameters of the model shift in these periods. While the shift could
be a change in any of the three free parameters, DMP theory suggests
that a more likely culprit is a change in the overall matching rate, as re-
flected by the parameter 8. If this is indeed the cause, we canmeasure
the overall matching rate by allowing 8 to shift as needed to better fit
the time series. We let J be free in this exercise. Results are summa-
rized in the following table:

Sample window 8 estimate Change vs. full (×)
Full sample (1951–2023) 1.42 —
1950–1970 1.91 1.35
1970–1992 1.06 0.75
1992–2000 1.42 1.00
2000–2008 1.69 1.19
2008–2023 1.38 0.97

Table 6.4.: Estimated match-
ing‐efficiency parameter 8 by sample
window
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2008–2023 (R²=0.846)

Figure 6.10.: Output of the simulations
usingModel 1 with the simple matching
function, when vacancies and GDP are
given and we let K be free for the five
periods. As expected, the fits are much
better for each windows, when we ad-
just the matching function parameter 8.

Acknowledging that the overall matching parameter is non-stationary,
we can improve our forecasts of unemployment by letting it adjust to
respond to changes. We can do this by letting 8 vary with time in Eq.
(6.5),

"̂'+1 = "' + (1 − "')
(
J − B" [∆0'−1]−

)
− 8'.(" , ;) (6.11)

where we have written the left hand argument as "̂'+1 and dropped
the noise terms to indicate that these are the predicted values, in con-
trast to the observed values "'+1 and ;'+1. If we hypothesize that the
errors are caused entirely by amis-specification of 8' , the value which
would have yielded the correct answer for the unemployment and va-
cancy predictions is

8'+1 = &
[
8' −

"'+1 − "̂'+1

.("' , ;')

]
+ (1 − &)8' ,

where "̂'+1 is the one-step forecast produced with 8' . The value of &
can be adjusted to best capture the non-stationarity of the matching
function.

We initialize this procedure by obtaining the triplet $ = (J , B , 8), as in
the previous section, fitting over the full sample, yielding J = 0.0021,
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B = 0.012 and 8 = 1.42. We then keep J and B fixed to these values
for the whole procedure.

The smoothing parameter & ∈ [0, 1] is selected by minimizing the in-
sample one-step-aheadmean-square error; the optimum is&★ = 0.010,
corresponding to an adjustment time-scale for the matching function
of about 100 months so north of 8 years.

We assess the adaptive specification in two ways. (i) In-sample: the full
period 1951-2023 is used both for calibration and evaluation. (ii) Out-
of-sample: the model is trained up to December 1987, then recursively
re-estimated every five years while generating five-year-ahead unem-
ployment forecasts. Table 6.5 reports the resulting performance met-
rics.

We also report the fitting and forecasting results in Fig. (6.11), and re-
sults are very good, once again confirming the accuracy of our model
to fit and predict unemployment path given vacancies and GDP.

Sample A2 MAE RMS Corr.
In-sample adaptive fit (1951–2023) 0.71 0.006 0.009 0.891
Rolling forecasts (out-of-sample) 0.73 0.007 0.009 0.860
MAE and RMS are expressed in unemployment-rate fractions.

Table 6.5.: Goodness-of-fit and forecast
accuracy
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Figure 6.11.: Plot a) shows observed
unemployment rate (black) against the
adaptive-8' in-sample fit (red dashed)
for 1951–2023. Plot b) shows rolling five-
year-ahead unemployment forecasts
(blue dashed) compared with realized
unemployment (black). Each forecast
segment is produced with parameters
re-estimated on the preceding window.

6.4. Conclusion
In this chapter, we have extended our earlier disequilibrium frame-
work by dispensing with the classical comparative–statics assumption
and embracing fully non‐equilibrium, non‐linear dynamics. The re-
sult is a remarkably parsimonious “bare‐bone” model that, despite its
simplicity, reproduces and forecasts the time‐path of unemployment
with high fidelity, conditional on observed vacancy rates. By holding
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the matching function fixed throughout the sample, we demonstrate
that structural re‐estimation is unnecessary to capture the key empir-
ical features of "('). Moreover, we introduce a novel demand‐driven
layoff term into the standard DMP unemployment equation, explic-
itly modeling how downward GDP shocks translate into spontaneous
separations. Across a battery of tests, our zero‐intelligence specifi-
cation consistently outperforms both static and dynamic variants of
the DMP model. Finally, this framework naturally generates the Bev-
eridge curve dynamics, lending further support to the use of zero-
intelligence models to advance our understanding of labor‐market ad-
justment.



6. A simple yet effective disequilibrium model of the Beveridge
curve 111

Key Takeaways

1. FullyNon-EquilibriumDynamics:By abandoning, again, the
comparative–statics assumption, we develop a genuinely non-
linear, time-dependent framework that captures transitional
paths rather than just steady states.
2. Parsimonious “Bare-Bone”Model:Despite its simplicity, the
model accurately reproduces and forecasts the unemployment
trajectory "(') conditional on observed vacancy rates, without
any structural re-estimation.
3. Demand-Driven Layoff Term: Introducing a novel layoff
mechanism driven directly by GDP shocks links downward de-
mand impulses to spontaneous separations, enriching the stan-
dard DMP unemployment equation.
4. Good Empirical Fit and Beveridge Dynamics: Across a suite
of tests, our zero-intelligence specification consistently outper-
forms both static and dynamic DMP variants, while naturally
generating the observed Beveridge curve dynamics.
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A longdrawn carol, mournful, holy,
She chanted loudly, chanted lowly,
Till her eyes were darken’d wholly,
And her smooth face sharpen’d slowly,

Turn’d to tower’d Camelot:
For ere she reach’d upon the tide
The first house by the water-side,
Singing in her song she died,
The lady of Shalott.
The Lady of Shalott- Alfred, Lord Tennyson, 1832.

The overarching aim of this thesis has been to study the complex, often
counter‐intuitive dynamics of socio‐economic systems by combining
the mathematical rigor of statistical physics with the adaptive flexi-
bility of agent‐based simulations. Across two complementary strands,
we demonstrate that purely local interactions—whether governing
continuous fields such as housing prices or guiding individual agents
through simple, boundedly rational decision rules—can give rise to rich
aggregate phenomena that classical equilibrium paradigms cannot ex-
plain.

Our approach is built on two mutually reinforcing pillars. First, we
propose and analyze stochastic differential equations as a continu-
ous, coarse‐grained description of abstract socio‐economic fields—
in particular, regional housing markets. When micro-founded on
simple, locally applied price‐adjustment heuristics and microscopic
noise terms, these equations reproduce hallmark spatial and tem-
poral regularities—variograms growing logarithmically with dis-
tance, long‐range autocorrelations and impulse‐response dynamics—
directly from their interaction kernels. Second, we study bot-
tom‐up agent‐based models in which individuals follow transpar-
ent rules—relocating to maximize a local utility or applying ran-
domly to skill-compatible vacancies—and aggregate their outcomes
into macro‐level patterns. By mapping these discrete simulations
back onto our hydrodynamic equations, we recover well-known
stylized facts—phase separation without predefined neighborhoods
or unemployment–vacancy hysteresis—that perfectly coordinated,
instantaneous-clearing models cannot produce.

By alternating between direct analysis of continuous fields and sys-
tematic derivation from many‐agent dynamics, our frameworks cap-
ture the emergence of non‐equilibrium steady states, path dependence
and systemic inefficiencies—features that shatter the assumptions
of instantaneous coordination and global market efficiency. These
findings compel a reassessment of economic models and policy pre-
scriptions predicated on equilibrium reasoning and advocate for the
broader adoption of non-equilibrium, complexity-inspired methods
in socio-economic research and policymaking.

In Part I we explore two applications of continuous stochastic equa-
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tions to spatial markets:

Chapter 3 revisits the Sakoda–Schelling segregation model in a
“neighborhood‐less” lattice setting. Starting from an agent‐based
model in which each individual evaluates only the perceived
density at their own site, we carry out a linear‐stability analy-
sis and large‐scale simulations to map its out‐of‐equilibrium dy-
namics onto active‐matter equations. We demonstrate that nonlin-
ear, site‐specific utilities alone suffice to drive phase‐separation—
segregation patterns—over a broad range of parameters, and we iden-
tify the transition as belonging to the 2D Ising universality class. This
shows that the classical “invisible hand” can fail even when agents
ignore any predefined neighborhood structure [39].

Chapter 4 turns to the French housing market. We propose a stochas-
tic diffusion equation—micro‐founded on simple price‐adjustment
heuristics—and calibrate its parameters against fifty years of regional
price data. The resulting spatial variogramgrows logarithmicallywith
distance, in perfect agreement with the theory of two‐dimensional dif-
fusing fields driven bywhite noise, while temporal correlations reveal
price‐shock persistence over multi‐year scales. An impulse‐response
analysis delivers a diffusion constant of plausible magnitude. These
findings confirm long‐standing conjectures about price diffusion [169,
87], reveal predictable long‐range correlations, and highlight devia-
tions from efficient‐market behavior. Finally, by constructing a cou-
pled hydrodynamic model that captures the interaction between
the population‐density field and the housing‐market price field, we
demonstrate that social segregation persists in this setting.

In Part II, we employ aggregate dynamic modeling of agent‐based
systems to investigate the Beveridge curve—the empirically observed
relationship between unemployment and vacancies—which exhibits
pronounced hysteresis over the business cycle.

Chapter 5 introduces a zero‐intelligence agent‐based model [57] (in
the sense of [26]) in which unemployed workers apply randomly to
skill‐compatible vacancies and firms adjust their postings via straight-
forward, rule‐of‐thumb heuristics. From this discrete simulation we
rigorously derive aggregate, continuous equations that isolate the ef-
fects of coordination lags, asymmetric hiring versus firing speeds, and
the non‐instantaneousmatching process. These continuous disequilib-
rium laws bridge the micro–macro gap and demonstrate how purely
mechanical delays can generate the observed Beveridge loop, without
relying on rational‐expectations assumptions.

Chapter 6 then distills these insights into a minimal dynamical dis-
equilibrium model: a small system of coupled differential equations
calibrated onUSdata spanning 1951–2023. Given an observed vacancy
trajectory, this parsimonious model reproduces the unemployment
path with high fidelity. Its simplicity makes it a powerful tool for pol-
icy analysis, capturing the essential out‐of‐steady‐state mechanics of
labor‐market fluctuations while remaining analytically tractable. This
framework naturally generates the Beveridge curve dynamics, lend-
ing further support to the view that, to advance our understanding of
complex socio-economic systems, we must venture into the wilderness
of bounded rationality from the zero intelligence gate [44].
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By investigating two real‐world systems—the spatial diffusion of
French housing prices and the cyclical hysteresis of the US labor
market—this thesis demonstrates that continuous stochastic equa-
tions grounded in micro‐level heuristics uncover structural inefficien-
cies and predictable patterns that lie beyond the reach of classical equi-
librium models. Our findings provide compelling evidence for the
broader adoption of non‐equilibrium, complexity‐inspired methods
in socio‐economic research and policymaking.

Future research would aim at broadening the scope of this work by
applying the same methodology to other socio-economic systems. In
each case the goal would be to craft parsimonious, heuristics-driven
phenomenological models that are rigorously calibrated to empirical
data. By grounding every parameter in observation rather than ab-
straction, such models should yield clearer insight into the under-
lying mechanisms, provide testable quantitative forecasts, and offer
decision-makers a transparent tool with which to evaluate policy op-
tions. In this way, the frameworks presented in this thesis aspire not
only to deepen scientific understanding but also to inform practical
interventions in complex socio-economic systems.
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APPENDIX



Part I: An out-of-equilibrium
Sakoda-Schelling model A.

A.1. Coarsening exponent
We start from a homogeneous system of size &/ × &( with &/ = &( ,
and we quench it below the critical temperature in the spinodal re-
gion. The system undergoes a spinodal decomposition where dense
domains coarsen until forming one single large cluster. The typical
size of the domains, denoted &6 grows with time as ∼ '1/H , where the
growth exponent H indicates the physics at play. To measure the typi-
cal domain size, we compute first the structure factor, given by

Q(" , ') =
'''∑

!

:−+"·!((! , ')
'''2. (A.1)

Using isotropy of the system, we average the structure factor over
given shells 5 = (-2

/ + -2
()

1
2 and we obtain the radial structure factor

J(5 , ') =
∫

[0,22]
Q(5 , $, ')6$. The typical domain size is given by

&6(') = 22

∫
Λ

-1
J(5 , ')65∫

Λ

-1
5 J(5 , ')65

, (A.2)

withΛ the ultraviolet cutoff and -1 = 22/&/ the infrared cutoff.On our
finite grid, the integral takes the form of a discrete sum, the wavenum-
ber 5 ranges from 22/2/ to 22(2/ − 1)/2/ , and the increment 65 is
replaced by 22/2/ .

`

Figure A.1.: Snapshot of a Monte Carlo
simulation. Green sites are occupied,
black sites are empty.We draw the boxes
of size ℓ = &//6 that are used tomeasure
the liquid and the gas densities. Here,
the system size is &/ = 200, &( = 66. Pa-
rameters: " = 3/2, '0 = 0.35, $ = 0.05.
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where > is the lattice size, and " is the utility on position /. The evolu-
tion of the density (for non-overlapping agents) is thus given by

%'' ='(/ + >)[1 − '(/)] 1Γ(−>%/" − >2

2
%2
/")

+ '(/ − >)[1 − '(/)] 1Γ(>%/" − >2

2
%2
/")

− '(/)[1 − '(/ + >)] 1Γ(>%/" +
>2

2
%2
/")

− '(/)[1 − '(/ − >)] 1Γ(−>%/" +
>2

2
%2
/").

(A.4)

After Taylor expansion up to N(>2) and time rescaling, it turns out
that the evolution equation simplifies into

%'' = 1Γ(0)%2
/' − 2 1 ′

Γ
(0)%/ ['(1 − ')%/"]. (A.5)

Then, expanding around an homogeneous state, we write ' = '0 +

'1(/ , '), ( = '0 + (1(/ , '), and we obtain to leading order in the per-
turbation:

%''1 = 1Γ(0)%2
/'1 − 2 1 ′

Γ
(0)'0(1 − '0)"′('0)%2

/(1. (A.6)

In Fourier space the evolution of themode - is given by %' '̂1 = Λ(-)'̂1,
with

Λ(-) = −-2 1Γ(0)

(
1 − 2

1 ′
Γ

(0)

1Γ(0)
'0(1 − '0)"′('0)Ĝ+(-)

)
. (A.7)

From this,we deduce that the homogeneous system is unstable if there
exists a mode -∗ such that

1 < 2
1 ′
Γ

(0)

1Γ(0)
'0(1 − '0)"′('0)Ĝ+(-∗). (A.8)

This criterion is exactly the same as the one found for the non-local
move dynamics.

A.4. Local versus non-local PDEs
To illustrate the effectiveness of our local-move approximation in the
description of the steady state of the system, we have solved numer-
ically both the local and the non-local mean-field PDEs for the same
parameters. The resulting density profiles, displayed in Fig. A.3, ap-
pear to be strictly identical up to numerical errors.
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0.0 0.5 1.0
x/L

0.00

0.25

0.50

ρ
(a)

0.0 0.5 1.0
x/L

(b)
Figure A.3.: 1D steady-state profiles of
the density ' computed by solving the
mean-field dynamics with local moves
(solid line), or non-local moves (dashed
line). The two density profiles superim-
pose almost exactly, independently of
the various parameter values. It was
checked that different initial configura-
tions lead to the same final state. a) Pa-
rameters: utility exponent " = 1, '0 =
0.4, + = 12, & = 300, = 9. b) " = 3/2,
'0 = 0.3, + = 10, & = 300, = 15.

A.5. Linear stability for two coupled
populations

We consider the evolution of a perturbation of the homogeneous state
in Eq. (3.36) (and in its coupled analogue for the field '<). Close to
the homogeneous state 'C(/) ≡ '̄C, '<(/) ≡ '̄<, with '0 = '̄C + '̄<,
we expand the fields 'O(/ , ') = '̄O + 'O,1(/ , '), with O = C or <,
and the perturbation fields are denoted with index 1. One also has
'(/ , ') = '0+'1(/ , '), and (O(/ , ') = '̄O+(O,1(/ , '). Keeping leading
order terms in Eq. (3.36) yields

%''C,1 = Ω5C

[
−'̄C 1ΓC(0)'1(/ , ') + 2(1 − '0)'̄C 1 ′

ΓC
(0)[(C,1(/ , ')%1"C + (<,1(/ , ')%2"C] − (1 − '0) 1ΓC(0)'C,1(/ , ')

]
,

(A.9)

where %1"C is a shorthand notation for %"C
%'̄C

['̄C , '̄<]. Taking the logistic
function 1ΓC(0) = 1

2 , 1
′
ΓC

(0) = ΓC

4 , the linear evolution simplifies into

%''C,1(/ , ') =
Ω5C

2

[
−'̄C'1(/ , ') + (1 − '0)'̄CΓC[(C,1(/ , ')%1"C + (<,1(/ , ')%2"C] − (1 − '0)'C,1(/ , ')

]
.

(A.10)

Similarly, we obtain for the evolution of <:

%''<,1(/ , ') =
Ω5<

2

[
−'̄<'1(/ , ') + (1 − '0)'̄<Γ<[(C,1(/ , ')%1"< + (<,1(/ , ')%2"<] − (1 − '0)'<,1(/ , ')

]
.

(A.11)

Denoting '̂O(- , ') the Fourier transform of 'O,1(/ , '), the evolution
equation can be cast in Fourier space into

%'

(
'̂C(- , ')

'̂<(- , ')

)
= &

(
'̂C(- , ')

'̂<(- , ')

)
, (A.12)

with

& =
Ω

2

(
5C('̄< − 1 + (1 − '0)'̄CΓCĜ+(-)%1"C) 5C(−'̄C + (1 − '0)'̄CΓCĜ+(-)%2"C)

5<(−'̄< + (1 − '0)'̄<Γ<Ĝ+(-)%1"<) 5<('̄C − 1 + (1 − '0)'̄<Γ<Ĝ+(-)%2"<)

)
.

(A.13)

For simplicity, we will consider that agents are equally rational (ΓC =

Γ< = Γ) and that their moving rates are also identical (5C = 5< = 5).
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We are looking for conditions to observe dynamical patterns and/or
static phase separation. Notably, the homogeneous state is linearly un-
stable if one eigenvalue of & has a positive real part. It is important to
stress that the linear stability analysis is unable to predict the dynamic
behavior when nonlinear terms become relevant. Whether the eigen-
values display an imaginary part or not does not bring any information
on the final dynamics of the system. For the sake of completeness, we
explicitate the criteria to have eigenvalues with positive real part and
zero imaginary part, referred to as case (i), and eigenvalues with pos-
itive real part and nonzero imaginary part, referred to as case (ii). We
lie in case (i) if{

'D& > 0

('D&)2 − 4 det & > 0,
or

{
'D& < 0

det & < 0.
(A.14)

Case (ii) is obtained if {
'D& > 0

('D&)2 − 4 det & < 0.
(A.15)

The criterion 'D& > 0 notably simplifies into

'̄C%1"C + '̄<%2"< >
1

ΓĜ+(-)

(
2 − '0

1 − '0

)
. (A.16)

In the main text we have come up with utility functions that lead to
eigenvalues with positive real parts and non zero imaginary parts,
thus suggesting chasing instability. In some cases, oscillations were
observed close to the homogeneous state but they eventually vanished
at late times. Whether or not the chasing instability or oscillations are
sustained cannot be predicted from the simple linear stability analy-
sis but would require to perform a weakly non-linear analysis which
is beyond the scope of this present thesis.

A.6. LSA for two populations with local
moves

Westart from the local jump approximation of themean-field equation
for the coupled fields. We find that the dynamics can be cast into

%''C = %/ ['C(1 − 'C − '<)%/-(['C,<], /)], (A.17)

with - = -:3' . + -"'+M.,

-:3' . = KC(0) log

(
'C

1 − 'C − '<

)
, (A.18)

-"'+M. = −2K′
C(0)"C(['], /), (A.19)

and likewise for '<. One can look into the stability of an homoge-
neous state with densities '̄C and '̄<, expanding around this state
with a utility "((C , (<) for agents C and ;((C , (<) for agents <. For
convenience, we will take KC(0) = K<(0) = 5 1Γ(0) = 5/2 and
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K′
C

(0) = K′
<
(0) = 5 1′(0) = 5/4. Expanding around the homogeneous

state ('̄C , '̄<) leads to{
%''C,1 = 5

2

[
(1 − '̄<)%2

/'C,1 + '̄C%2
/'<,1 − %/(Γ'̄C(1 − '0)%/(C,1%1" + %/(<,1%2")

]
%''<,1 = 5

2

[
(1 − '̄C)%2

/'<,1 + '̄<%2
/'C,1 − %/(Γ'̄<(1 − '0)%/(C,1%1; + %/(<,1%2;)

]
,

(A.20)
Hence, in Fourier space, the linear system can be cast into

%'

(
'̂C(- , ')

'̂<(- , ')

)
= 8

(
'̂C(- , ')

'̂<(- , ')

)
, (A.21)

with

8 =
5-2

2

(
'̄< − 1 + Γ'̄C(1 − '0)Ĝ+(-)%1" −'̄C + Γ'̄C(1 − '0)Ĝ+(-)%2"

−'̄< + (1 − '0)'̄<ΓĜ+(-)%1; '̄C − 1 + (1 − '0)'̄<ΓĜ+(-)%2;

)
.

(A.22)

It is interesting to note that the evolution matrix 8 is directly propor-
tional to & and, as a consequence, the stability criterion of the homoge-
neous state with local moves is exactly the same as the one found for
non-local moves.

A.7. Introducing a non-linear price field
For completeness, we can also consider a non-monotonic price field
(see Fig. A.4(a))

/ = '∗) − |( − '∗) |
"
. (A.23)

The intuition behind this relation is that prices can be lower in over-
crowded neighborhoods as well as in empty neighborhoods, and are
maximized for a given density '∗) . Assuming again that the price-
adjusted utility has the form "̄(() = "(() − "

p [/(()], with "

p [/] = &/ and & > 0, the total utility for the agents is then given by

"̄(() = −|( − '∗|" + &|( − '∗) |
" + =J' , (A.24)

We can inject this expression into the linear-stability condition, see
Eq. (3.19), to pinpoint the condensation. In Fig. A.4(b) we take " = 3,
& = 5, " = 2, and we interestingly observe that some spinodal curves
display several re-entrance points.

0.00 0.25 0.50

φ

0.20

0.25

ψ

(a)

0.00 0.25 0.50

ρ0

0.2

0.4

T

(b) Figure A.4.: a) Non-monotonic price
field/(() as a function of the locally per-
ceived density (, given by Eq. (A.23). Pa-
rameters: '∗) = 0.25 and " = 2. b) Spin-
odal curves for parameters & = 5, " =
2, " = 3 and densities ['∗ = 0.2, '∗) =

0.4] (solid line), ['∗ = 0.45, '∗) = 0.2]
(dotted line) and ['∗ = 0.5, '∗) = 0.1]
(dashed line).



Part I: The diffusive nature of
housing prices B.

B.1. Analytical derivation of the diffusive
term

We assume that the diffusive term in the price field evolves through a
mechanism of supply and demand such that the time evolution of the
field / depends on the difference of the field between two locations
/(A")−/(A!) where A" and A! refer to the considered locations. We
then propose the following generic equation to describe the propaga-
tion of the field with respect to its surrounding influences:

%'/(A" , ') =
∑
!

Γ",!/(A!) −
∑
!

Γ!,"/(A"), (B.1)

where Γ is a symmetric influence matrix such that:

Γ",! = Γ(A" |A!) = '(A" − A! |A!). (B.2)

Hence, in the continuous limit and in one dimension for simplicity, it
comes:

%'/(/ , ') =

∫
'(/ − /′|/′)/(/′, ')6/′ −

∫
'(/′ − /|/)/(/ , ')6/′, (B.3)

which we can re write as:

%'/(/ , ') =

∫
'((|/ − ()/(/ − ( , ')6( −

∫
'((|/)/(/ , ')6( , (B.4)

changing variables to ( = / − /′. The Kramers-Moyal expansion of
(B.4) up to the order 2 in ( then gives:

%'/(/ , ') = −%/
[
A1(/)/(/)

]
+

1

2
%2
/

[
A2(/)/(/)

]
, (B.5)

where:

A1(/) =

∫
('(( , /)6(; (B.6)

A2(/) =

∫
(2'(( , /)6(. (B.7)

Moreover, the influence matrix is symmetric, hence the drift term
A1(/) is set to zero andwe retrieve the one dimensional diffusion equa-
tion:

%'/(/ , ') = %2
/

[
!(/)/(/)

]
(B.8)

with!(/) = 1
2

∫
(2'(( , /)6(. Note that we retrieve here a non-uniform

diffusion coefficient, but we assume in the rest of the study that we can
take !(/) = !.
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B.2. Computation of the temporal variogram
Let us consider the following stochastic partial differential equation:

%/(r, ')
%'

= !∆/(r, ') − 6/(r, ') + *(r, ') + 1(r), (B.9)

where ∆ is the Laplacian operator, ! a diffusion coefficient, 6 a mean-
reversion coefficient,*(r, ') a Langevin noisewith zeromean and short
range time and space correlations, and 1(r) a static random field with
zeromean and short range correlations. The correlators of these terms
are assumed to be of the following type:

〈
*(r, ')*(r’, '′)

〉
=

C2

$>2
:−|'−'

′|/$ 0>(|r − r’|);

〈1(r)1(r’)〉 =
Σ

2

>2
0>(|r − r’|), (B.10)

where 0>(D) is a bell-shaped function that decays over length scale >,
such that 22

∫
D≥0

0>(D)DdD = >2. For the rest of the calculations, we
consider the regimewhere |r−r

′|= ℓ / >which leads to 1
>2 0>(|r−r’|) ≈

,(|r − r’|).

We have shown in themain text that the contribution to the space time
correlation function coming from field * reads:

C2(22)2

2$((!k2 + 6)2 − 1
$2 )

[
:−

| '−'′|
$ − :−(!k

2+6)|'′−'|

$(!k2 + 6)

]
. (B.11)

Aswe are now interested in the temporal variation of the samepoint in
space, we will neglect the random static field 1(r) in the computation
which will only yield constant terms. Moreover, we will again neglect
the contribution 6 in the calculations as the integration back to real
space will impose !-2 / 6, as seen in the previous section.

The computation will yield different results depending on the relative
values of ) = |' − '′| and $.

When ) = |' − '′| / $, we can set :−
| '−'′|
$ to zero. Coming back in real

space yields:

C(0, |' − '′|) = − C2

$2(22)2

∫
6k

:−!k
2 |'−'′|

2!k2(!2k4 − 1
$2 )

, (B.12)

which gives in polar coordinates:

C(0, )) = − C2

$2(22)2

∫
6-

∫
6$

-:−!-2)

2!-2(!2-4 − 1
$2 )

. (B.13)

It comes:

C(0, )) = − C2

82!$2

∫ !)
>2

!)
ℓ∗2

6"
:−"

"( "
2

)2 − 1
$2 )

. (B.14)

Moreover, "
) < 1

$ if Q = >2

! > $, which allows us to neglect this term,
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leading to:

C(0, )) ≈ C2

82!

∫ !)
>2

!)
ℓ∗2

6"
:−"

"
. (B.15)

Hence, in the regime where $ < Q ) ) ) 6−1 = ℓ ∗2
! :

C(0, )) ≈ − C2

82!
log ), (B.16)

up to constant terms. This finally yields:

V(0, )) ≈ C2

42!
log ). (B.17)

When Q ) $ ) ) ) 6−1, logarithmic contributions can once again be
obtained byperforming a partial fraction decomposition in (B.14) prior
to integration. For completeness, in the regime where ) / 6−1

, Q,$,
the computation yields a constant value.

When ) = |' − '′| ) $, we come back to:

C2(22)2

2$(!2k4 − 1
$2 )

[
:−

| '−'′|
$ − :−!k

2 |'′−'|

$!k2

]
. (B.18)

If ) ) Q, we can expand up to the order two in the exponentials for
!k

2) −→ 0, in addition to the expansion for )
$ −→ 0, leading to:

C2(22)2

2$(!2k4 − 1
$2 )

[
$!k

2 − 1

$!k2
+

1

2
(1 − $!k

2)
)2

$2

]
. (B.19)

Hence, the temporal contribution in the correlation function, coming
back to real space, is:

C(0, )) =
1

22

∫ 1
>

1
ℓ∗
6-

C2-

2$
(
!2-4 − 1

$2

) 1

2
(1 − $!-2)

)2

$2
. (B.20)

This yields, after integration and up to constant terms:

C(0, )) ≈ C2

322!
log

(
$!
ℓ ∗2 + 1

$!/>2 + 1

)
)2

$2
, (B.21)

which we can re write as:

C(0, )) ≈ − C2

322!
log

(
$
Q + 1

6$ + 1

)
)2

$2
. (B.22)

This finally yields:

V(0, )) ≈ C2

162!
log

(
$
Q + 1

6$ + 1

)
)2

$2
. (B.23)

If ) ≥ Q, we cannot expand in the second exponential term of (B.11).
This leads us to study separately both terms. The first one will give,
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after expanding up to the second order in )
$ :

1

22

∫
-6-

C2

2$(!2-4 − 1
$2 )

(
1 − )

$
+

)2

2$2

)
, (B.24)

which yields:

C2

322!
log

( ''$
Q − 1

'' (6$ + 1)

($Q + 1) |6$ − 1|

) (
1 − )

$
+

)2

2$2

)
. (B.25)

The second term:

− 1

22

C2

2$(!2k4 − 1
$2 )

:−!k
2 |'′−'|

$!k2
(B.26)

will give:

− C2

82$2!

∫ 1
>

1
ℓ∗
6-

:−!-2)

-(!-2 − 1
$ )(!-2 + 1

$ )
. (B.27)

Changing variables to " = !-2) yields, after a few integration steps:

− C2

322!

[
:)/$ log

( ''$
Q − 1

''
|6$ − 1|

)
+ :−)/$ log

(
$
Q + 1

6$ + 1

)
− 2 log (6Q)

]
,

(B.28)
which gives, after expanding the two exponentials :)/$ and :−)/$ up
to the order two in )

$ :

− C2

322!
log

( ''$
Q − 1

'' (6$ + 1)

($Q + 1) |6$ − 1|

)
)

$
− C2

642!
log

CDD
E

'''$2

Q2 − 1
'''

|62$2 − 1|

FGG
H
)2

$2
. (B.29)

This finally yields, after adding the first and second term contribution
from (B.11):

V(0, )) ≈ C2

82!
log

( ''$
Q − 1

'' (6$ + 1)

($Q + 1) |6$ − 1|

)
)

$
+

C2

162!
log

(
$
Q + 1

6$ + 1

)
)2

$2
.

(B.30)
We hence lose the quadratic behavior for the variogramwhen Q ≤ ) )
$ and the dominant behavior becomes linear.
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B.3. Spatial variogram in the ballistic case
Starting from the ballistic equation

%'/(r, ') + v̂ · ∇/(r, ') = −6/ + *, ‖ v̂‖= ; ,

the stationary solution for a fixed direction v̂ is

/k(') =

∫ '

0

:−6('−)):−+ ; v̂·k ('−)) *k()) 6), (B.31)

where, again, the Ornstein-Uhlenbeck noise obeys

〈*k('1)*k′('2)〉 = (22)2 C
2

$
:−|'1−'2 |/$ ,(k + k

′), (B.32)

and 1(r) a static random field with zero mean and short range cor-
relations. Then, we insert (B.31) into 〈/k(')/k′('

′)〉 and set k
′ = −k

through the , in (B.32). One obtains, for the contribution coming from
noise *:

B v̂

* (k; ' , '′) =
C2(22)2

$

∫ '

0

6)1

∫ '′

0

6)2 :
−6('−)1):−6('′−)2):−| )1−)2 |/$ :−+ ; v̂·k ('−)1−'′+)2)

.

(B.33)

We then shift integration variables to lag coordinates

J1 = ' − )1 , J2 = '′ − )2 ,

so J1 , J2 ∈ [0,∞) when ' , '′→∞. Moreover, ' − )1 − '′ + )2 = J2 − J1

and | )1 − )2|= |J1 − J2| . We thus get

B v̂

* (-; ∆') =
C2(22)2

$

∫∞

0

6J1

∫∞

0

6J2 :−6(J1+J2):−|J1−J2−∆'|/$ :−+ ; v̂·k (J1−J2−∆')
,

(B.34)
with ∆' = ' − '′. For the equal-time spatial correlation function we set
∆' = 0. We now set J = J1 − J2 and perform the angular average over
all directions v̂, yielding:

1

22

∫22

0

:−+ ; - cos$ J 6$ = E0(;- |J|).

A further change of variables to (" , J) with " = J1 + J2 (|J| ≤ ") gives

〈/k /−k〉* =
C2(22)2

2$

∫∞

−∞
6J :−|J|/$ E0(;- |J|)

∫∞

|J|

6" :−6 "
.

Carrying out the "-integral yields :−6|J|/6, leaving the Laplace–Bessel
integral ∫∞

0

:−"J E0(!J) 6J =
1√

"2 + !2
,

with " = 6 + 1/$ and ! = ; -. One thus finds

〈/k /−k〉* =
C2(22)2

2$

1√
(6 + 1/$)2 + (; -)2

. (B.35)
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Transforming (B.35) back to real space via

: +k·r = : + -ℓ cos (
,

1

22

∫22

0

: + -ℓ cos ( 6( = E0(-ℓ),

gives:

C*(ℓ , 0) =
C2

2

∫1/>

1/ℓ ∗

- E0(-ℓ)√
1 + (;$-)2

6- , (B.36)

where we have assumed that 6$ ) 1. In the regime where > ) ℓ )
ℓ ∗, it should be justified to replace the bounds of the integral above
by 0 and ∞, in which case the integral can be performed exactly (see
Gradshteyn & Ryzhik, Eq. 6.554-1):

C*(ℓ , 0) ≈ C2

2;$

∫∞

0

- E0(-ℓ)√
(1/;$)2 + -2

6- =
C2

2;$ℓ
:−ℓ/;$ . (B.37)

Using ; ≈ 1 km/yr and $ ≈ 3 years, we find ;$ ≈ 3 km, so that for
ℓ " > = 5 km we are always in the regime where this correlation de-
cays exponentially fast with ℓ , a behaviour very different from the log-
arithmic decay observed empirically. Note that the contribution from
the static field 1 gives

〈/k /−k〉1 = (22)2
Σ

2 1

62 + (; -)2
. (B.38)

Interestingly, this would contribute again to a logarithmic behaviour
of the spatial correlator. However, using the value for the upper bound
of idiosyncratic effects proposed in the main text, we have Σ

2/;2
#

10−3. Hence such static‐field contribution with ballistic propagation
does not seem plausible to explain our empirical finding.
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B.5. Estimating the diffusion constant !
To estimate the order of magnitude of the diffusion constant ! in
France, we examine the propagation of price “shocks” induced by the
opening of a TGV (Train à Grande Vitesse) station in several cities (Lyon,
Bordeaux, and Tours) and their surrounding areas. For each area, we
compute

+2(') =

∑
A(r, ')(r − r̄)2∑

A(r, ')
,

where A(r, ') = )(r, ') − )(r, '0), with the summation taken over all
communes within the considered areas. Our findings indicate that, for
these three regions (indexed by +), the relation

+2
+ (') ≈ !+' + B+

holds, allowing us to estimate an order of magnitude for the diffusion
constant from the slopes of the corresponding curves, as illustrated in
Fig. 4 of the main text.

B.6. Deriving the coupled linear stability
criterion

We start again from:

{
%'/k = −(!|k|2+6)/k + " 'k ,

%''k = − 1!(0) |k|2 'k − 2 1 ′!(0) '0(1 − '0) "′('0) |k|2 G+(k) 'k + 2& 1 ′!(0) '0(1 − '0) |k|2 /k.

(B.39)

We begin by writing the linearized dynamics in Fourier space as

%'

(
/k

'k

)
= &(k)

(
/k

'k

)
, (B.40)

with the operator

&(k) =

(
−(! |k|2+6) "

−82 |k|
2 −[ 1!(0) − 81(k)] |k|2

)
. (B.41)

Here we define

81(k) = 2 1 ′!(0) '0(1 − '0) "′('0)G+(k), G+(k) = :−+
2
k

2/2
, (B.42)

82 = 2& 1 ′!(0) '0(1 − '0). (B.43)

Note that with the logit rule, 1!(0) = 1/2 and 1 ′!(0) = !/4.

The eigenvalues of & are determined by the characteristic equation

&2 − Tr && + det & = 0,
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where

Tr & = −[! + 1!(0) − 81(k)] k
2 − 6, (B.44)

det & = (! k
2 + 6) [ 1!(0) − 81(k)] k

2 + " 82 k
2
. (B.45)

Introducing
C(k) ≡ 1!(0) − 81(k)

and notation |k|= -, the larger eigenvalue #(k) satisfies

2#(k) = −[! + C(k)] -2 − 6 +
√

∆(-), (B.46)

with the discriminant

∆(-) = [! − C(k)]2 -4 + [26 (! − C(k)) − 4 " 82] -
2 + 62

. (B.47)

In the long-wavelength limit (- ) 1), one finds # > 0 when

− 4! C(k) -4 − 4 [6C(k) + " 82] -
2 > 0. (B.48)

Expanding C(k) = 1!(0) − < :−+
2-2/2 with

< = 2 1 ′!(0) '0(1 − '0) "′('0),

and retaining terms up to N(-2), this yields the stability criterion

! <
2 1!(0)

'0(1 − '0)["′('0) − "&/6]
. (B.49)
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C.2. Stationary point and equilibrium in the
ABM

Assuming that all the target demands reach a stationary value, 6†
+ ,'

−→
'→∞

6†∗
+
, the values of the other quantities in the economy can be found by

setting the right hand side equations (5.4) to 0, which is precisely the
same as writing

6:(')

6'
= 0 (C.1)

in the DMP framework.

This leads to the conditions

5∗
+ = .∗+ =

∑
,

1 ∗+ , =
∑
,

1 ∗,+ , (C.2)

which simplymeans thatwhen the economy reaches a stationary state,
the number of workers that are separated must match the incoming
flow of workers, leading to a stationary unemployment rate. Simi-
larly, at the stationary point the number of vacancies that are created
matches the number of workers that are hired at every time-step.

Because of the very complicated nature of the 1,+ coefficients finding
an analytical expression for the equilibrium unemployment and va-
cancy rates is not possible. We can however give some intuition into
the nature of the stationary point. Assume for example that ," > ,;
and that 6†∗

+
> 6∗

+
, ∀+, then we can equate 5∗

+
= .∗

+
, obtaining that

:∗+ =
1

1 + 0

(
6†∗+ − ;∗+

)
; 0 =

," − ,;
(1 − ,;)#;

, (C.3)

which is a rewriting of the expression 6†∗
+

= 6∗
+

+ ,"−,;
(1−,;)#;

:+∗ obtained
in [82]. In this case, we see that 0 > 0 and therefore :∗

+
< (6†∗

+
− ;∗

+
).

This means that, at equilibrium, firms are not able to hire as many peo-
ple as they require. A strategy to overcome this would require bring-
ing 0 closer to 0, either by bringing ," closer to ,; (that is, equating
the rate at which people are fired with the rate at which vacancies
are posted) or by increasing #; to make firms more reactive to labor
supply-demand imbalances.

We can sum over + and note that the total unemployment rate at equi-
libriumT∗ is equal to &−∑

+ :
∗
+
, where & is the amount of people in the

economy. We therefore obtain a relation of the form

1 − 1

1 + 0
!†∗ +

1

1 + 0
7∗ = T∗

, (C.4)

after imposing the normalisation R + T = 1, implying that at equilib-
rium the relationship between vacancies and unemployment is linear.
We note that, formally, the stationary quantities depend on the target
demands on the network and on all the other parameters, and there-
fore ;∗

+
= ;∗

+
({6†∗

,
} , ", #) and "∗

+
= "∗

+
({6†∗

,
} , ", #), with " = (#" , #;)

and # = (," , ,;).
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1: Note that the term ,"6'#"6' is of or-
der 6'2 and therefore negligible in the
continuous formulation.

C.3. Additional information on time scales in
the ABM

In equation (5.14), the time-scale ) represents the time it takes for the la-
bor market to reach the steady-state. We naturally expect it to depend
on the different quantities at play in our equations. To understand this,
note that the right-hand-side of Equations (5.4) must be homogeneous
to an inverse time: the rate 5+ (resp. .+) represents the number of sep-
arated workers (resp. created vacancies) per unit time, while 1+ , repre-
sents also the flow of workers from an occupation to another per unit
time.

This means that e.g. each worker has a probability ,"6' of being
separated spontaneously between ' and ' + 6', and a probability
#"

[
6+(') − 6†

+
(')

]+
6' of being separated to balance supply and de-

mand.1

Switching to a continuous-time formulation, we replace quantities
such as /+ ,'+1− /+ ,' by

6/+(')
6' , and the corresponding right hand side by

5+ ,'+1 −→ 5+(') = ,":+(') + #"
[
6+(') − 6†+ (')

]+

.+ ,'+1 −→ .+(') = ,;:+(') + #;
[
6†+ (') − 6+(')

]+
.

(C.5)

C.4. Asymmetric behavior
When 5) # 1, that is when the shock is very quick in relation to the
adjustment time of the economy, the behavior of the economy dur-
ing the crisis is not the same as the behavior during recovery and the
asymmetric behavior arises from the model itself and not from ad hoc
arguments. This asymmetric behavior with respect to positive or nega-
tive output shocks is a result of theDMP framework, so it is interesting
to see that our less-constrained agent-based model manages to repro-
duce this fact.

To see this, note that it’s possible to write

!†(') − !(') = C∗(5) cos(5' + /(5)), (C.6)

with C∗(5) =

√
C2

2

(
1 + "2

1+52)2

)
− 2"

C2
2√

1+52)2
cos(7(5)) and /(5) =

arctan
(

" sin(7(5))

" sin(7(5))−
√

1+52)2

)
. Assuming then that all demands are ho-

mogeneous, i.e. 6+(') = 6(') ∀+,
then we can write a mean-field version of equations Eq. (5.4) by sum-
ming over +, yielding

6:

6'
= ,":(') + #"

[
!(') − !†(')

]+
+ 9(')

6;

6'
= ,;:(') + #;

[
!†(') − !(')

]+ − 9('),

(C.7)

with 9(') =
∑

+ , 1+ ,(').



C. Part II: A zero intelligence agent-based model of the labor market 151

When 5) → +∞, that is for very fast shocks, we will get !† − ! ≈
C2 cos(5'): the economy never manages to match the global target de-
mand and there is an oscillatingmismatch between target and realised
demand. In contrast, for slow shocks when 5) = 0 the amplitude of
!† − ! is equal to C2(1 − ") ≈ 0 (if " ≈ 1), and also /(5) ≈ 0: the
economy is always close to its target demand.

In the second case, the # terms in the equation above will not play
a role in the dynamics, and the only source of non-linearities will be
9('). Thus, equations Eq. (C.7) are symmetric in time, and the values
taken by :(') and ;(') during the crisis period ' ∈ [0;$/2] will follow
the same path as those taken during the recovery period ' ∈ [$/2;$],
but in reverse. This means that there is no Beveridge cycle for very slow
shocks. This is confirmed by simulating Beveridge curves for differ-
ent shock frequency as seen on Figure (5.2)b), where we see that the
area of the Beveridge curve cycle is an increasing function of the shock
frequency 5.

In the first case however, when !† − ! ≈ C2 cos(5'), we will see a
clear asymmetric behavior. As the crisis unfolds starting at ' = 0 with
a drop in the target demand,wewill start in a settingwhere!†−! > 0,
where the economy keeps creating vacancies at a rate proportional to
#; . However, at ' = $/4 we will enter a phase where !† − ! < 0,
as the current demand is higher than the target demand, leading to
a stop in the creation of demand-induced vacancies and starting in-
stead a phase of excess-labor-induced firings at a rate proportional to
#" . There will therefore be a ’switch’ in (C.7) as the demand-related
termwill go to 0 in the vacancies equation and will be simultaneously
activated in the unemployment equation. During the recovery, after
' = $/2, the behavior will therefore not be the same as during reces-
sion.



1: JOLTS vacancy rate from 2001 aggre-
gated with composite Help Wanted In-
dex data spanning from 1951, BLS unem-
ployment rate, and FRED real GDP con-
verted to quarterly cyclical component
by one-sided HP filter, then linearly in-
terpolated to months.

2: We empirically find that a lag of one
months gives the best evaluation metric
when fitting the data.

Part II: A simple yet effective
disequilibrium model of the

Beveridge curve D.
D.1. Data analysis
We compare three search-and-matching labor market models, all writ-
ten in terms of labour‐force fractions (0<" , ; < 1) but displayed in this
thesis in percentage points for readability. Throughout we work with
monthly U.S. data1 spanning January 1951 – December 2023.

◮ Vacancies are floored at 10−4 to avoid division by zero.
◮ GDP is filtered using a HP filter allowing to extract the cycle

component from the trend and then standardized with a 120-month
rolling standard deviation, then lagged onemonths (0'−1 drives ,"').
2

◮ We assume that, for Model 1, the spontaneous separation proba-
bility J is equal to a fraction of the empirical average separation
probability measured by Hobĳn and Sahin ( J0 =0.0106), found
through the following process: we compute

J′ =
1

2

2∑
'=1

(
J0 + B [

60

6'
]−
)
,

where 2 is the number of observations and [
60

6'
]− denotes the

negative part of the derivative of GDP. We then set J ← J′ and
recompute the average to obtain

J′′ =
1

2

2∑
'=1

(
J′ + B [

60

6'
]−
)
.

Finally, we update the target value with

J ← J′′ − J′.

This process converges to J = 0.00265. Models 2–3 treat J as free.

D.2. Fitting procedure and error evaluation
for unemployment

We estimate each model by non linear least squares (NLLS), holding
the separation rate fixed at J = 0.00265. For Models 1 and 3, which
feature state‐dependent dynamics, we define a residual vector

D+($) = "sim,+($) − "+ , + = 1, . . . ,2 ,

where "sim,+($) is obtained by iterating ∆"' = 1 ("'−1 , ;'−1 ,∆0'−1;$).
For Model 2, the static root form "' = J/(J + 8 ;') is likewise recast
as D+(8) = J/(J + 8 ;+) − "+ . We then call scipy.optimize.least_squares
with a finite‐difference Jacobian. At the optimum $̂, the estimated co-
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variance matrix is

V̂ar($̂) = +̂2 [E($̂)⊤E($̂)]−1
, +̂2 =

SSE($̂)

2 − )
,

where E is the 2 × ) Jacobian of residuals, ) is the number of parame-
ters and SSE denotes the sum of squared errors. The diagonal entries
of V̂ar($̂) yield standard errors, and we form two‐sided 95 % confi-
dence intervals via $̂, ± '0.975,2−) se($̂,).

To test whether Model 1’s “shock” parameter B is significantly differ-
ent from zero, we note thatModel 3 is nestedwithinModel 1 via B = 0.
Denoting SSEfull and SSErest as the residual sums of squares of Mod-
els 1 and 3 respectively, the classical 9-statistic

9 =
(SSErest − SSEfull)/1

SSEfull/(2 − 2)
∼ 9(1, 2 − 2)

evaluates the null B = 0. Finally, because Model 2 and Model 1 are
not nested, we carry out a residual bootstrap with < = 500 replica-
tions. For each draw, we resample the original model’s residuals with
replacement, re‐fit both Model 1 and Model 2 to the pseudo‐data, and
record the bootstrap distributions of A2. We then compute 95 % boot-
strap confidence intervals for A2

(1)
and A2

(2)
, as well as for ∆A2 =

A2
(1)

− A2
(2)

. Because the 95 % CI for ∆A2 does not cross zero, we con-
clude that Model 1’s in‐sample fit is significantly better thanModel 2’s
at the 5 % level.

Model Param Estimate Std. Err. 95% CI Lower 95% CI Upper

1 B 0.011998 0.000631 0.010760 0.013237
8 1.730775 0.025917 1.679908 1.781643

2 8 1.397351 0.014049 1.369778 1.424924
3 8 1.343137 0.014484 1.314710 1.371563

Table D.1.: Estimated Parameters (s
fixed at 0.00265)

Model A2 MAE RMS Corr.

1 0.3733 0.01113 0.01362 0.6537
2 0.1265 0.01245 0.01608 0.5282
3 0.0600 0.01343 0.01668 0.3895

Table D.2.: Fit‐Quality Metrics

Quantity Value

SSE(Model 3, restricted) 0.243587
SSE(Model 1, full) 0.162389
9(1, 874) 437.017
)-value 0.0000

Decision Reject *0:B = 0.
Model 1 fits significantly
better than Model 3.

Table D.3.: F‐Test for Model 1 vs Model
3 (B = 0 Restriction)
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Description Value

Bootstrap replicates (<) 500
Elapsed time (sec) 7.6

Model 1: A2 0.3733 (95% CI: [0.3253, 0.4280])
Model 2: A2 0.1265 (95% CI: [0.0326, 0.2371])
∆A2 = A2

(1)
− A2

(2)
0.2469 (95% CI: [0.1517, 0.3390])

Fraction of ∆A2
boot

> 0 1.0000

Inference Model 1’s A2 is significantly greater
than Model 2’s at the 5% level (no overlap).

Table D.4.: Bootstrap Inference for A2

(Model 1 vs Model 2)

Results for vacancies

The results for fitting vacancies, when letting all parameters be free,
can be summarized in the following tables:

Parameter Estimate

;0 0.005
B; 0.008
8 2.65

TableD.5.:Estimated parameters for the
vacancy equation

Metric Value

A2 0.09
MAE 0.007
RMS 0.01
Pearson correlation 0.52

Table D.6.: Goodness-of-fit metrics
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D.3. Additional plots
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FigureD.1.:Asymmetric lags for several pe-
riods recession. Smoothedmonthly unem-
ployment (blue) and vacancies (orange)
for the United States for several time pe-
riods, with the characteristic matching
time 1/(8 ";) (black, right–hand scale)
plotted in units of months required to
achieve a one percent change based on
matching alone. Vertical dashed lines
represent key events.We overlay dashed
colored lines to distinguish the mean
slopes of unemployment and vacancy
rates during recessionary and recovery
phases. Our analysis shows that, for
both series and all periods, the average
slope during recessions is steeper than
the subsequent recovery slopes.
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